UNIVERSAL COVERINGS OF LIE TORI 
(A FINITE PRESENTATION) 



SAEID AZAM, HIROYUKI YAMANE, MALIHE YOUSOFZADEH 

Abstract. Using the well-known recognition and structural theorem(s) 
for root-graded Lie algebras and their universal coverings, we give a finite 
presentation for the universal covering algebra of a centerless Lie torus 
of type X ^ A,C, BC. We follow a unified approach for the types under 
consideration. 



0. Introduction 

The notion of a Lie torus arises in the study of extended affine Lie algebras 
which are natural generalizations of finite dimensional simple Lie algebras 
and affine Lie algebras. Extended affine Lie algebras and Lie tori have been 
under intensive investigation in recent years. 

It is well understood that the study of an extended affine Lie algebra, 
in any aspect, somehow relates to the study of its core modulo the center, 
called the centerless core. Here is the place where the notion of Lie tori 
arises; the centerless core of an extended affine Lie algebra is a centerless 
Lie torus and conversely any centerless Lie torus is the centerless core of an 
extended affine Lie algebra ( [Yos| ) . Lie tori as well as extended affine Lie 
algebras are defined axiomatically ( |Yosj . [AABGP] ). and their structures 
are well studied. In particular, it is known that a Lie torus is a root graded 
Lie algebra, a notion which turns out to be essential in the structure theory 
of extended affine Lie algebras and Lie tori. 

The structure of root graded Lie algebras of reduced types are recognized 
up to central isogeny by |BM] and [BZ]. Namely a root graded Lie algebra 
is centrally isogenous to a Lie algebra having a prescribed structure coming 
from some known algebra constructions, including the so called generalized 
Tits construction (see Section 1). We refer to these results as Recognition 
Theorem(s) (see Theorem ll.lOp . The Recognition Theorem together with 
several theorems from [ABGj . |BZj . jAGj and [BGK] enables us to decompose 
the universal covering algebra 2t of the centerless core of an extended affine 
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Lie algebra of type X ^ Ae,C£, BCe as 

^={g^A)®{V^A"')®V (*) 

where Q is a finite dimensional simple Lie algebra of type X, V is an ir- 
reducible ^-module whose highest weight is the highest short root of G, A 
is the algebra of Laurent polynomials in several variables, A"^ is the direct 
sum of m copies of A and D is a known subalgebra of 21 related to the inner 
derivations of the so called coordinate algebra of 21. 

In this work, we use decomposition (*) to give a nullity-free finite pre- 
sentation for the universal covering of the centerless core of a Lie torus of 
type X, X Ai, Cg, BCg. Since the ingredients appearing in (*), and their 
algebra structures are completely known to us (see Theorems II .131 and II. lip , 
we are able to select a (finite) set of generators for 21 and deduce a certain 
(finite) set of relations among them. This then motivates the generators and 
defining relations of our presented Lie algebra. 

There had been several attempts in presenting a Lie torus (up to center) 
by a (finite) set of generators and relations. Historically, we may name 
the works of jKaj and |MRY] for toroidal Lie algebras; |SY| and |Yamj for 
elliptic Lie algebras (2-extended affine Lie algebras); and [You| for Lie tori 
of type Bg, {I > 3). It is worth mentioning that the universal covering of 
the centerless core of a finite dimensional simple Lie algebra or an affine 
Kac-Moody Lie algebra is just itself or its derived algebra, respectively. 
Therefore, for finite or affine case the well-known Serre's type presentation 
is in fact given for the universal covering of the centerless core. This might 
justify why we are considering the universal covering instead of a Lie torus 
itself. 

The paper is arranged as follows. In Section 1, we record some neces- 
sary backgrounds and results needed for describing the universal covering 
of the centerless core of a Lie torus in the form (*). In brief, we establish 
some minor results regarding finite root systems and irreducible modules 
of finite dimensional simple Lie algebras (Lemmas II. 2111. 3p . The general- 
ized Tits construction and basic properties of root graded Lie algebras are 
reviewed. The Recognition Theorem(s) from [BMj and ^BZj regarding the 
structure of root graded Lie algebras are recalled, and some results from 
[BGK] . |AG] and [ABG] regarding the universal covering algebras of root 
graded Lie algebras and Lie tori are restated. These all together, enable us 
to have decomposition (*). The section is concluded with obtaining from 
(*) a finite set of generators and a certain set of relations for 21. 

In Section 2, we introduce the generators and defining relations of our 
presented Lie algebra C, associated to a Lie torus of type X / Ag, Cg, BCg, 
and deduce ceratin immediate consequences from them which will be essen- 
tial for the proof of our main theorem (Theorem 13. Ih . For the convenience 
of the reader, we have shifted the proofs of some of these results containing 
complicated technicalities to Section 4. Section 3 is devoted to the proof 
of our Main Theorem (Theorem 13. Ih : the universal covering algebra of the 
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centerless Lie torus under consideration is centrally isogenous to its corre- 
sponding presented Lie algebra L. The proof is proceeded in steps. In step 
1, we prove that L is root graded and we obtain some information regarding 
its center. In the remaining steps we complete the proof for simply laced 
types, types F4 and G2, respectively. For type -B^ {I > 3), we refer the 
reader to [Youj . though the proof for this type can also be deduced from our 
setting. This work continues the line of research appeared in |Youj for type 
Bi {I > 3) where here we have enlarged our setting in order to have a unified 
approach for the types under consideration. Needless to say, in both works 
the defining generators and relations of the considered presented Lie alge- 
bras are inspired from the algebra structures among the ingredients involved 
in decomposition (*). 

For non-simply laced types, we have used certain set of data (see ()1.23p ) 
which are obtained using several Mathematica programming. 

1. Terminology and prerequisites 

Throughout this paper we suppose that K is an irreducible reduced finite 
root system of rank greater than 3 which is not of type A^C. By i?^, we 
mean i?\ {0}. All vector spaces and tensor products are taken over the field 
of complex numbers C. For an algebra A which is not a Lie algebra, by [a, 6], 
a,b € A, we mean ab — ha. If a, (3 are two elements of a unital algebra A 
which is commutative associative, alternative or Jordan, we denote by -Dq,/3, 
the inner derivation of A based on a, /?, we also use -D^^,^ to denote the set 
of all inner derivations of A [Sc]. For a positive integer ly, we denote by ^[jy], 
the commutative associative algebra of Laurent polynomials in v variables 
and we use A^y for a positive integer m, to denote the direct 

sum of m copies of A^^y Also by A^^^, we mean the trivial vector space. For 
a = (ni, . . . , n^) € Z'^ we denote t"^ . . . t"" by . We also make a convention 
that for elements x,xi, . . . ,Xm,y of a Lie algebra, by an expression of the 
form [xi, . . . , Xm, y] we always mean [xi, - ■ ■ [xm-i, [xm, 2/]] • • • ]• In this case if 
m = we interpret [xi, . . . , Xm, y] as y, also by [x'", y], we mean [x, . . . ,x, y] 
in which x appears m-times. In a vector space, we define YlT^i ■ ■ ■ to be 
zero if m = 0. For the sake of simplicity of notation we denote the set 
{!,..., A;} be Jk, k a positive integer. For a Lie algebra C, by Z{C), we 
mean the center of C and by a centerless Lie algebra, we mean a Lie algebra 
with trivial center. We start the paper by recalling some (in general) non- 
associative algebra constructions and some related theorems which are of 
our use throughout this work. 

1.1. General facts. Suppose that Q is a. finite dimensional simple Lie al- 
gebra over C of type X ^ A,C and of rank £, also suppose that R is the 
corresponding irreducible finite root system with a root base A. Let R'^, 
R'^f^{Rsh) and R^g{Rig) be the set of positive roots, the set of positive short 
roots (the set of short roots), and the set of positive long roots (the set of 
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long roots) , respectively. If X is simply laced we assume by convention that 
Rig = 0. Also assume that n is the number of positive roots. We arrange 
the set of positive roots as follows: 

<nA u- R+\A 



= G-a,, G-a,^ ■ Wx With ai,y^±{X-Y,' 



(1.1) ai, . . . ,an^,an(+i, ...,ae,... ,a„^,an^+i, . . . ,q:„ . 

Clearly if there is no long root (n£ = 0), then n = Ug. We may assume that 
is the highest short root and a„ is the highest root. For t € J^, we fix 
et € Gat and ft G G-at such that (e^, ht := [et, ft], ft) is an sli-triple. 

Using the finite dimensional theory, one can prove the following lemma: 

Lemma 1.2. (t) If Rig 0, Rh C Rig + R^h- 

(ii) For a G there is (3 G R'l^ such that a + j3 & R. 

Lemma 1.3. Let W be an irreducible finite dimensional G -module. 

(i) Suppose that highest weight W is \ ^ R and take 11 to be the set of 
weights of W. Then for /x G 11 \ {0}, there are ccj^, . . . , G R^ such that 

k-l 
r=l 

(a) Suppose that the highest weight of W is a short root and consider the 
weight space decomposition W = Wo © Yli=ne+i Cw±i. for W in which for 

+ 1 < i < Us, w±i is a weight vector of weight ±aj. Then for + 1 < 
i < Us, 

ei- fi-Wi = 2wi, ei- fi- fi-Wi = 2/j ■ Wi, Ce^ ■ w^i = Cfi ■ Wi 
and Wo is spanned by fi ■ Wi, + 1 < i < i. 

Proof, (z) Using a simple argument from the finite dimensional theory, we 
are done. 

{ii) Wc first note that if /3 G H \ {0}, then dim(W/3) = 1, also if /3 G U 
and a & R are such that a + /3 G H, then Ga ■ W/j = \Va+f3- Now let U{N~) 
be the universal enveloping algebra of N~ := ^ Ga- Then if w is a highest 

vector, we have U{N~) ■ w = W. Also for each /? G R'^ we have 
(1.4) G-p = [G-0^ , . . . , G-^A for some A e A. 

Now combining these facts and using module action, the required expres- 
sion for W^ with jj, G i?"*" follows. Note that the claim concerning a^^'s is 
automatically satisfied. 

Next let /i G — -R"*", then there is A G R'^ such that either /x — A G R'^ or 
/X + A G Moreover if /Lt G -Rj^, A can be chosen as an element of such 
that 11 + X e R. 
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Now we may replace or W^-x by an expression obtained from the pre- 
vious step to get the required expression for W^. Note that from the way 
we found this expression for W^, it becomes clear that the claim concerning 
a,, 's holds. □ 



1.1.1. Generalized Tits construction. Let ^4 be a unital commutative asso- 
ciative algebra and assume that X is a unital algebra over A. A normalized 
trace on X is an ^-linear map T : X — > A satisfying, for x, x' , x" S X, 

r(l) = 1, T{xx') = T{x'x), T{{xx')x") = T{x{x'x")). 

If T is a normalized trace, the maps t and * defined by 

t:XxX^A; {x,y)^T{xy), 

(1.5) 

* : X X X — > X; (x, y) ^ xy — t{x, y)l, 

are called, respectively, the trace form and the *-operator with respect to 
T. We use the same symbols T, t and * to denote the normalized trace, the 
trace form and the corresponding *-operator for different algebras. We also 
have X = Al@ Xq, where Xq := {x £ X \ T{x) = 0}. Let Der^^) be the 
Lie subalgebra of the ^d-derivations of X which send Xq to Xq. Let D be a 
Lie subalgebra of T)eT^{X) and assume there is an ^-bilinear transformation 
a : Xq X Xq — > D which is skew-symmetric. 

Suppose now that 21 is another unital commutative associative algebra 
over C and y, Iq, D' are similarly chosen over 21. Assume (3 :YqxYq — > D' 
is a 2l-bilinear transformation which is skew symmetric. Let the following 
relations hold: 

[d, a(x,x')] = a((ix, j;')+a(j;, dx') and [d', y')] = (3{d'y,y')+l3{y,d'y') 

ior x,x' £ Xq, y,y' £ Yq, d £ D and d' £ D' . Then the vector space 

T{X/A, y/2t) := (D (g) 21) e {Xq (g, Yq) e{A0 D'), 

provides an algebra over C with the anticommutative multiplication given 

by 

(1.6) 

[di (g) 6, a d[] = 0, [di (g 6, ^2 b'] = [^1,^2] 8> bb' , 

[a d[ , a' (g) = aa' [d[ , ^3] , 

[di g) 6, X (gi y] = dix (gby = —[x®y,di g) 6] , 

[a g) d']^ , X (g y] = ax (g) d'^y = — [x (g y, a (g d'^, 

[x (g) y, x' (g y'] = a(x, x') (g) t(y, y') + (x * x') (gi (y * y') + i(x, x') (g /3(y, y') 

for di,d2 £ D, b,b' £ 21, a, a' £ A, d[,d2 £ D', x,x' £ Xq and y,y' £ Yq. 
This is called a generalized Tits construction. If X, Y are suitably chosen, 
then T{X/A,Y/^) will be a Lie algebra [BZl Proposition 3.9]. 
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1.1.2. Root-graded Lie algebras. The main purpose of this work is to give 
a finite presentation for universal covering algebra of a Lie torus. Lie tori 
are centerless cores of extended affine Lie algebras. Li [AG] and [BGKj . 
the authors classify the Lie tori under consideration, using the so called 
recognition theorems for root graded Lie algebras. We recall here these 
theorems and some related topics which will be of use in the the proof of 
our main theorem. In what follows we denote the 8-dimensional Octonion 
(Cayley) algebra by <L. We consider the usual normalized trace on <t and 
denote its subspace of trace zero elements with (Lq. One knows that the 
algebra of inner derivations of C is a finite dimensional simple Lie algebra of 
type G2- Also we denote by 5 the exceptional simple Jordan algebra whose 
inner derivations form a finite dimensional simple algebra of type -F4. In 
fact if 2^3x3 is the algebra of 3 x 3 matrices with entries from the Octonion 
algebra then 3 is its subspace of self-adjoint elements, under transpose- 
conjugate involution a; 1— > x*, with the product x-y := {xy + yx)/2. We also 
consider the usual normalized trace on J and denote the subspace of trace 
zero elements of Z by (see Section [5] for details). 

Definition 1.7. Suppose that Q \s a, finite dimensional simple Lie algebra 
over C with a Cartan subalgebra 7i and root system R so that Q has a root 
space decomposition Q = (Bfi^RG^ with H = Qq. An R- graded Lie algebra 
C over C with grading pair {Q^H.) is a Lie algebra satisfying the following 
conditions: 

(i) C contains Q subalgebra, 

(ii) C = (B^eRC^, where := {x & C \ [h,x] = fi{h)x for all h G TC}, 

(iii) Co = T.f,eR>^ 

For a positive integer z^, an i?-graded Lie algebra C with grading pair 
{GjH.) is called {R,7,'^) -graded ii C = (BaeZ"^^ is a Z'^-graded Lie algebra 
such that g CC° and supp(/:) := {a e \ C ^ {0}} generates Z". Since 
Q C C^, is an 7i- module for a and so we have L = (B^^r ©o-gZ"^ C'^ 
where := C^nCf^ for a and jj. G R. An {R, Z'^)-graded Lie algebra C 
is called division (R, W)-graded if for each fi G R^ , a G W and 7^ x G 
there exists y G such that modulo Z{C), [x,y] equals to the unique 
element of Ti representing fi through the induced form on the dual of 7i. A 
division (i?, Z^)-graded Lie algebra £ with dimc(>Cp < 1 for all a gTL^ and 
/i G R^ is called a Lie v-torus or simply a Lie torus. In this case the set 
{a + a \ a £ R, a € Z'^ , ^ {0}} C spaujgi? © Z*^ is called the root system 
of C. For 11 eR"", define := {a e \ ^ {0}}, by [Sil Theorem 1.5], 

= Sy ii pL and u have the same length. If two root lengths occur, we set 
S := Sfj_ for any choice of a short root ^ and L := Sy for any choice of a 
long root u and call {S, L) the corresponding pair of C. 

Definition 1.8. Let B be a unital commutative associative algebra, W be 
a i?-module and g : W x W — > B he a symmetric B-bilinear form on W. 
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Then J(W) := 51 © W with the multiphcation, for w, w' £ W, b, b' G B, 

(61 + w) ■ {b'l + w') = bb'l + g{w, w')l + bw' + b'w 
is a Jordan algebra called the Clifford Jordan algebra of g. 

Definition 1.9. Two perfect Lie algebras are said to be centrally isogenous 
if they have the same universal covering algebra, up to isomorphism. 

Theorem 1.10 (Recognition Theorem). Let C be an R-graded Lie al- 
gebra with grading pair (Q,7i). 

(i) [BM] If R is simply laced, there is a commutative associative unital 
algebra A such that C is centrally isogenous with Q ^ A. 

(ii) [BZ] If R is of type B^, i > 3, there exists a unital commutative 
associative algebra A and a unital A-module B with a symmetric A-bilinear 
form (•, •) : B x B — > A such that C is centrally isogenous with 

T( J(V)/C, J{B)/A) = (g ® A) © (V ® i3) © Dj^B),JiB) 

where V is the (2i+l)- dimensional vector space equipped with a non- degenerate 
symmetric bilinear form with respect to which skew symmetric endomor- 
phisms of V is isomorphic to Q. 

(Hi) [BZ] If R is of type G2, then there is a unital commutative associative 
algebra A and a unital Jordan algebra J over A having a normalized trace 
T satisfying the identity 

ch,{y) := y^-3T{y)y^ + i^T{yr^^Tiy^))y+{Tiy')-^T{y')Ti^^ = 

such that C is centrally isogenous with 

T((£/C, J/ A) = {g(^A)® (Co <^ Jo) e Djj 

where £0 o,i^d Jq are the trace zero elements of the Octonion algebra C and 
J respectively. 

(iv) |BZ] If R is of type F4, there exists a unital commutative associative 
algebra A and a unital alternative algebra A over A having a normalized 
trace T satisfying the identity 

ch2{y) := y^ - 2T{y)y + {2T{yf - T{y''))l = 

such that C is centrally isogenous with 

T (a/C, A/ A) = {g®A)® {2o (8) Aq) © D_AA^ 

where Aq is the subspace of trace zero elements of A. 

One knows that any ii-graded Lie algebra C has a decomposition as 

{Q®A)®{V®B)®D 

where Q is the finite dimensional simple Lie algebra of type i?, V is the 
irreducible finite dimensional ^-module whose highest weight is the highest 
short root, equipped with a normalized trace whose highest weight is a short 
root and P is a subalgebra of C. Also A, B are two vector spaces with, i? = 
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in simply laced cases, such that a := A (B B is an algebra which we refer to 
as the coordinate algebra of C (see [BGKNj . [BMj ). 

Theorem 1.11 ff XBGl Theorem 4.13]). Let C = (^(g)^)©(V®S) be 
a centerless R-graded Lie algebra where a = A® B is the coordinate algebra 
of C. Take s to be the subspace o/ a (8) a spanned by the elements of the form 

{a® (3) + a), (a/3 07) + {/3-f ® a) + (7a a^b 

for a £ A,b (z B,a, (3,'j (z a. Consider the factor space 

{a, 0} := (0 (g) a)/s 

and for a,P £ a, let {a, /?} denote (a /3) + 5 in {0, a}. Set C := {Q ^ A) (B 

{V B) (B {a, a}. Define a multiplication on C by 

(1.12) 

[x a, x' (X" a'] = [x, x'] aa' + k{x, x'){a, a'}, 
[x (B a,v 1^ b] = XV ® ab = —[v(Bb,x(^a]^ 
[x ® a, {a, a'}] = = —[{a, a'}, x ® a], 

[v ®b,v' ® b'] = D^y t(b, b') + {v * v') (6 * b') + t{v, v'){b, b'}, 
[{a, a'}, f (g) 6] = V ® Da a'b = —[v ® b, {a, a'}], 
[{a, a'}, /?'}] = {I)«,„'/3, /?'} + 

/or X, x' € ^, a, a' G ^, f , w' G V, b,b' £ B and a, a', (3, (3' £ a where k 
denotes the Killing form of Q. Also consider the map n : C — > £ given by 
X iSi a X a; u^bt-^wSb; {a, a'} 1— > D^^a' ■ Then (C, n) is the universal 
covering algebra of L. 

Theorem 1.13. Let L be a Lie v-torus of type R with grading pair (0,71). 
Then C is centrally isogenous with one of the foUowings 

(i) |BGK| Q (81 ^[j^], if R is simply laced. 

(ii) [IG] T(J(V)/C, J(A|;;j)M[,]), ifR is of type B^ > 3), where V 
is the 2£ + 1- dimensional vector space having a symmetric non- degenerate 
bilinear form with respect to which the set of skew symmetric endomorphisms 
of V is isomorphic to Q, m> 2, and J{A'^^) is the Clifford Jordan algebra 
with respect to the symmetric A^,^^ -bilinear form on A^^ given by 

g-Ay.x Ay, — > A,^] 

9[ Lr=l O-rWr, 2^r=l "rWr) = 2^r=l «rOrt " 

where tq, . . . ,Tm G satisfy tq = and Tr^Tg (mod 2^ ) for < s 7^ r < 
m. Moreover the root system of C is of the form {S + S)l^ [Rsh + S)\J {Rig + 
2Z'^) where S = U^q(2Z'^ + tj). (Here {wi, . . . ,Wm} is the standard basis 
of Aj^j as a free A[^^ -module.) 

(Hi) |AG] T{2/C,C/A[^]) if R is of type -F4, where C = Ap (see Subsection 
\5.3\) for some < p < 3. Moreover, if C = Ap, < p < 3, then the root 
system of Cis U {Rsh + Z") U {Rig + {2ZP © Z^-P)). 
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(iv) |AG] ^(^/C, J7'/j4[j,]) if R is of type G2, where J = Jp (see Subsection 
\5.3\) for some < p < 3. Moreover, if = J^p, < p < 3, then the root 
system of C is U {Rsh + Z'')U {Rig + (SZ^ Z^'P)). 

Remark 1.15. Using the same notation as before, if a = ^ © i? is the 
coordinate algebra of a Lie torus C with the universal covering algebra 21, 
one gets from [BZj that ^4 is a subset of the associative center of a and so 
(frT2]) implies that {A, A} = {{a,a'} \a,a' e A}C 

I. 2. Induced relations. As before we assume that i? is a finite irreducible 
reduced root system of type X ^ A,C. Let 21 be the universal covering 
algebra of a centerless Lie torus C of type X. Using Theorems 11.131 and 

II. IH we may write 



for some nonnegative integer m, where ^ is a finite dimensional simple Lie 
algebra of type X, V is an irreducible ^-module whose highest weight is 
the highest short root of G, and P is a known subalgebra of 21. We remark 
that if X is simply laced, we have by convention m = and so the middle 
part in ()1.16p vanishes. Since the ingredients appearing in ()1.16p . and their 
algebra structures are completely known to us (see [BGK] , [AG] and [ABG] ) , 
we are able to select a set of generators for 21 and deduce certain relations 
among them which in turn motivate the generators and defining relations 
of a presented Lie algebra (isomorphic to 21) which we define in the next 
section. 

If £ = J2aeR ^a, = J2aeR and V = J2aeRsh ^a®Vo, are the corre- 
sponding weight space decompositions of C, Q and V respectively, then 



One knows that if X is not simply laced, G is the set of inner derivations 
of an algebra equipped with a normalized trace T, and that V is the set of 
zeros of this trace. We fix a highest weight vector v := Vn^ of V. Next using 
Proposition ll.3( i). we fix . . . , j^^, k\, . . . , k^^, € J£, + 1 < t < Ug, such 
that 



(1.16) 



2t=(a0^[^])©(V®^|^])©P 



(1.17) 



Qa if a G Rig 

{Qa ® ^m) © [Va «) ^1^]) if a G Rsh 
Y \CbX-b\ ifa = 0. 




(1.18) 



:= [/j /i4^,v] and v^t 



are nonzero elements of Vat and V_q,j respectively. Then 



Us 

V = ( Cv±t) © Vo, 
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where Vo is the corresponding zero weight space. We recall the trace form t 
as in (11.511 and ask the reader to check that 



(1.19) t{vn, , v±i) = 0; {ni + l<i<ns-l). 

Now consider the coordinate algebra a = A[^^(B A™j of C. Using Theorem 
11.101 we get that is the kernel of a normalized trace T of o. We recall 
the trace form t{-, •) : o x o — > A^^j on a; t{x,y) := T{xy) and the operator 
* : ax a — > defined by x*y := xy—t{x, y)l. Let {wr \ 1 < r < m} be the 
standard basis for ^jj^j-module A^y Then one observes that for 1 < r, s < m, 
there are s, Or s ^ ar s-,(^'r s ^'^^ and tr s & Jm with 



0"r,s = (^s,T, tr,s = ts,r, Or.s = -^s.r for type F4, ttr^s = as,r for type 
B, G2, (1 - 5r,s)a'r s + Sr,sar,s = and (1 - 5r,s)ar,s + Sr,sa'r s / 0. 



(1.20) 

such that 

(1.21) t{wr,Ws) = a'^^^f^'"'" and Wr * Wg = ar,st'^''-''wt^^^. 
We set 

We consider 2) data-set for the coordinate algebra a of C. In fact, 

as {wi I i G Jm} is an A[,^]-basis for ^™], also *-operator and t{-,-) are 
j4[j,] -bilinear, the data in can completely describe the structure of a = 

© A^y 

Next for + 1 < i < ris — 1, define t'^^ G J„, n£ + 1 < ti < Ug to be 
as follow. If Oris lb aj is a root, take to be such that ± = a^/ 
and n, otherwise. Also if — is a short root, take ti to be such that 
Oius — cti = at^ and n^, otherwise. One observes that there are Tn±i,m'_i_^ G C 
with Tn'_j_-, = and m±i = if ± cti is not a root or a short root 
respectively such that 

(1.22) d^n,,v±i = iT^'±iet'^^ and v„^ * v±i = m±iVt^. 
We set 

Dm := {i±j' ti,m±i,m'^i \ + 1 < i < Ug - I}. 
We drew the attention of the reader to the fact that the data appearing in 
Dm are derived from the structure of the ^-module V. We next take C to 
be the Cartan matrix of R with respect to A and call 

(1.23) D := {C} U 2)m U 

the structural data associated to C 

Now let xi, . . . , Xp G W and yi, . . . , be some non-zero root vectors of Q. 

■± . . . /± 



Let ji, . . . ,jp G Ji and set = tf ■ ■ - tf . Now it follows from (jl.l2p that 



for 1 < i < m, 
(1.24) 

[yi (g) 1, . . . ,yq (g) 1, xi tf^, . . . , Xp ®tf^,en 1] = [yi, ...,yq,xi,.. . ,a;p,e„] t'^, 
[yi (g) 1, . . . ,2/, (g) 1, xi i^, . . . ,a;p t=^,x;„, Wj] = yi . . . j/gXi . . . XpVn, f^Wi. 
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Next suppose that {cj, fi, hi} is a set of Chevalley generators for Q. Then 
using (|1.24p together with (11.17P , we see that 21 as a Lie algebra is generated 
by 

(1.25) {cj (g) 1, /i (g) 1, hi l,hi (S) tf,v wt \ i € Je, j ^ Ju, t e Jm}- 

For Tii+l < i < Us — l and r, s G Jm, take (Tr,s, cr^ s G Z^, m±i,m'j_-, ar^s, o-'r s ^ 
C, € J„, £ >^mj + 1 < it < JT-s and m±i, m'^^ G C to be defined as 
in (frnil and (ir22l) . Using([ri2|) and (fLTQll . one sees that 

(1.26) [vns^Wr,v±i0Ws] = (m'_i_ja^^^et^^ (g) T^^' ) + (m±iar,sf ® t'^^'^'Wi,, J • 

Following |Youj . we call this kind of relations basic short part relations. 

Next let a G , /3 G Xa G ^q, and W/j G Vp. Then (jl.l2p implies 
that for i,r G J^, j G Jjy and s G Jm, the following relations are satisfied in 
21, the universal covering algebra of C : 

[a{hr)ihi0tf^) - a{hi){hr0tf^),xc, 0l]=O, 
[f3{hr){hi (g) tf^) - p{hi){hr (g tf^),vp (g> Ws] = 0, 

to which we refer as quasi- diagonal relations, and also 

[hr (g tj, hi g) tj^,x g) 1] = a{hi)a{hr)x g) 1, 
[/ir ® ij, (g tj'^,y^ Ws] = (3{hi)(3{hr)y (g tUs, 

that we refer to as cancelling relations. 

2. A GENERIC PRESENTATION 

From now on we fix a centerless Lie torus C of type X ^ A,C, BC and 
we let 21 be its universal covering algebra. Let 2) be the structural data 
associated to C. In this section starting from 3, we introduce a presented 
Lie algebra C := >C(2)), called the presented Lie algebra associated to C (or 
2) ). The main objective of this work is to show that C is isomorphic to 2t. 

We use the same notation as in Section [TJ In particular, we let Q be the 
finite dimensional simple Lie algebra of rank £ corresponding to the Cartan 
matrix C = (cij). Let 7l! be a fixed Cartan subalgebra of G and (•, ■) be 
the killing form (•,•). We recall that R is the root system of Q and A is a 
base of R. Also V is an irreducible ^-module whose highest weight is a short 
root. We keep the same arrangement for roots as in (II. ip . Throughout this 
work, by {a, 13), for roots a,f3 G R with P ^ 0, we mean 2(a, /3)/(/3, /3). 
Let m be a non-negative integer which we take it to be zero if R is simply- 
laced. Whenever we use expressions containing a letter with subscripts going 
through {1, . . . , m}, we understand that we are in the case m ^ 0. Now for 
a non-negative integer v, let JZ be the Lie algebra defined hy 3i + m + iu 
generators 

(2.1) {a, fi, hi, hf^^, v'' \ i e Je, r e Jm, a e Jy}, 
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subject to the relations (we collect our relations, depending on their natures, 
in groups (R1)-(R9) below and give a name to some of these groups, based 
on the role which play): 

Serre's relations : 

— 0, [di, fj] — ^i.jhi, [hijCjl — Cj^iGj, [hi, fj] — ^3,ifji 

^^^^ (adei)-^-+Hej) = 0, (ad/i)-^-+i(/j) = 0, 

Highest short weight relations: 
(R2) [e,,v^] = 0, [h,,v^-] = {an,,a,y, [/<"-'">>+\ ^;'-] = 0, 

i G Ji, r e jm- 

Since {ei, fi, hi}f^^ satisfies Serre's relations, the subalgebra of C gener- 
ated by 3i elements {ei,fi,hi \ i £ Ji} is a finite dimensional simple Lie 
algebra of the same type of R [H, Theorem 18.3]. So we identify this subal- 
gebra with the Lie algebra G as in the Subsection 1.1 with Cartan subalgebra 
TC = ©jgj^C/ii, and the corresponding root system R. This then also allows 
us to identify the 3i generators ei, fi,hi, i € Ji here with the corresponding 
elements as in Subsection 1.1. Next let £ + 1 < i < n and use Lemma ll.3( i) 
to fix ji , . . . , j„ . € Jn such that 

(2.2) e, := [fj-^ , ■ ■ ■ , fj„. , e^] 
is a nonzero element of (/q. . For a G Jy define 

(2.3) :=(l/2)[/,,,...,/,„^,/i±„e„]. 
Next we set 

H := spanc{/ij^^ \ i & Jt, a e Ju}, 

(2.4) Zh := spanc{[/i=^^, | i, j G Je, a,b £ J^}, 

Sg := span^{ei,fi,hi,hf^^,v'' \ i e Je, a e J,y, r e Jm}- 

We also note that using (R2), one concludes that, for r G Jm, the 
^— submodule of C generated by is an irreducible ^-module whose 
highest weight is the highest short root of R (see |Hi Theorem 21.4]). 
Considering (jl.lSp . we set 

(2.5) < := [fjt fjt , v''] and vLt = [f^i, . . . , f^t ^ , . 
Now we have the following weight space decomposition 

t=n£+l 

where Vq is the corresponding zero weight space. 
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For h = "^i^i rihi £ Tl and a £ J^,, take 

e 

(2.6) ht:=Y.uhf^a 

i=l 

and for I + 1 < t < n, set 

Let a = {nil, ■ ■ ■ ,n^i^) £ We call \a\ := Ylt=i 1"^*! norm of a. Let 
(J 7^ and 1 < ii < • • • < ip < be alHj G for which rrii^ ^ 0. Then 
\a\ = Yl^=i I^T-ijI- Foi^ 1 < t < n, we set 

(2.7) := (<f' ft^S"-.>, . . . , C"""'. • • •.<?'"""') 

where sgn{m) for m € Z is the sign of m. In fact = (6* , . . . , where 

f /l^- if 771 • > 

for k G J|n-i, &i := ^ , „ in which a is the unique element 

' ' I if ^ia <0, 

of {1, . . . with 



a— 1 a 

We also set bg := (^^Tii ^t^i)- We call b^ := b" the norm-tuple of o". 

Convention 2.8. For a € Z*^, we denote the norm-tuple of a by = 
(bf , . . . , b|^|) and fty (^'i; • • • ) ^\cr\) ^/ ^/^ere is no confusion. For h £ Ti, if 
i € J|o-|, define /i*'*^ to 6e /i^ (^see ^2^) if = h^^^ for some a S J,y. Also 
with the abuse of notation we write 

[rbi,x] := [rb*i,...,rb[^|,x], {t (£ Jn,x G C,r £ C). 
We now introduce some more relations: 

(R4) [H,n] = {0}, [Sg,Zh] = {0}. 

(R5) [(at,ai)/ij^a - {at,ai)hf^^Xet + Cft] = 0; a G J,,, i,j e Ji, t e Jn- 

Canceling relations: 

(R6) [h~a^hj^^,et] = {at,ai){at,aj)et, [h~^,h+^,ft] = {at, at) {at, a j) ft 

a G J^, i,j,t G Jn- 

We consider (j2.5p to define our next two sets of relations: 

(R7) "J'^'^t'^ " «i)S>' '^^itl = 0' 

ae Ju, r e Jm, i,j £ Ji, n£-\-l <t < n^. 
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Canceling module relations: 

a G Ju, i,j G Ji, r G Jm, ni + 1 < t < n^. 

Finally we recall ()1.26p and (j2.7p to state our last set of relations as 
follows: 

Basic short part relations: 

(R9) [^^,^^J = m'±,a;,,[(l/2)b*4\e,,^J +m±ia,,,[(l/2)biV,.'<"] 
r, s G Jm, Ui + 1 < i < Ug — 1. 

Remark 2.9. One knows that {ai,aj) = ai{hj) for i,j G J„, so we may 
use relations (R1)-(R9) with ai{hj) instead of {ai,aj). 

Definition 2.10. Starting from a centerless Lie torus L with the structural 
data D, we call the Lie algebra C defined by generators \2. 1\) and relations 
(R1)-(R9), the presented Lie algebra associated to C (or D). 

We are now ready to state our main theorem. 
Main Theorem: Let >C be a centerless Lie torus of type X ^ A,C, BC 
with the universal covering 2t, and associated presented Lie algebra C Then 
>C = 2t. In particular 2t is a finitely presented Lie algebra. 

In the remaining part of this section we establish several results which 
are needed prior to the proof of the main theorem. The proof of the main 
theorem will be presented in Section [3l An outline of our plan for completing 
this work is as follows. We first show that >C as a (/-module [Q is a subalgebra 
of C) is a direct sum of irreducible (/-modules whose highest weights belong 
to R. We then use this to show that C is an i?-graded Lie algebra. Using 
the fact that both C and 21 are i?-graded Lie algebras and appealing the 
structure of i?-graded Lie algebras we prove that £ is a central extension of 
21 and finally we prove that 21 is isomorphic to C. 

We recall that 21 is generated by (jl.25p and so one can easily get from 
Subsection 1.2 that there exists a Lie algebra epimorphism from i3 to 2t as 
follows: 
(2.11) 

i^-.c — >2t 

ei® 1, fi^ fi<^ 1, hi® 1, hf^^ ^ hi® v'' ^ Vn, Wr, 

a e Ju,i G Ji,r e Jm- 

Prom now on we fix a = [mi, . . . ,my) G TJ^ . We associate to a the 
following elements of C 

(2.12) Co- := [-bo-jCn] and := [bo-,^''']; r ^ Jm (see Convention 12. 8p . 
Using (R6) and (R8), we have 

eo = en and Vq = v^. 
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Now considering £ as a ^-module, we set 

Qa := the t/-submodule of C generated by and 

(2.13) 

:= the (/-submodule of C generated by v^. 
Proposition 2.14. For a € R^, set 

' m 

_ 1 Sa + '^Va ifae Rsh 

" ] r=l 

^ Qa if a e Rig. 

(i) Recall 112. 6\) and let a G J^, x,y £Ti. and t € J„,, then 

in particular if x G Ti. is such that at{x) = 0, we get 

[xt,CU] = {0}. 

(a) Let p € Z^*^, ai, . . . , Op G J^, and t £ Jn, suppose that Xj,yj G H are 
such that at{yj) 7^ for j G Jp. Then for e G £±^4, we have 

p 

, . . . , (xp)^ ,e] = '[l{at{xj)/atiyj))[{yi)t^, . . . , (yp)J,,e] 
i=i 

with the same sign in {xj)^. and {yj)^_^ for j G Jp. 

{Hi) Let p,q G Z^^, ai, . . . ,ap,bi, . . . ,bq G Ju, and t, t' G Jn with t 7^ t' , 
suppose that Xj,yj G Ti, j G Jp, are such that at{yj) 7^ and at>{yj) = 0. 
Then for Zj G Ti with at{zj) = 0, j G Jg, e G ^±at ^''^^ f ^ ^i^t'' ^'■'^^6 

, . . . , , /], , . . . , (xp)± ,e]] = 

p 

'[{iat{xj)/at{yj))[{zi)f^, . . . , {zq)f^, {yi)t^, . . . , (yp)J^, [/, e]] 
i=i 

with the same sign in (xj)^. and (yj)^. for j G Jp. 

Proof, (i) The first expression is immediate using (R5) and (R7). For 
the second expression, we note that as at 7^ 0, one finds y £ TL such that 
ott{y) 7^ 0. Now the statement is fulfilled by considering the first expression, 
(n) Using part (i), we have for all j G Jp, 

= (at(xj))/(at(yi))[(yi)J,e]. 

Now we are done using the Jacobi identity together with (R4). 

[Hi) Using part (i), we get that for all i G Jp,j G Jg, [{yi)t^, f] = 
and , e] = 0. Now (R4) together with the Jacobi identity implies that 

[[{zi)bi^- ■ ■ ' (^9)^' ^y^^aj = 0, i G Jp. Also using part (ii), we can replace 
[(xi)^^, . . . , (xp)^^, e] with an expression as in the right hand side of the 
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display appearing in part (ii). Now we are done using these together with 
the Jacobi identity. 

The following proposition determines, up to isomorphism, the modules 
Qa and appearing in (2.13). 

Proposition 2.15. (i) Q^, is an irreducible finite dimensional Q-module 
with highest pair (eo-,an)- In fact as Q-modules, Qa = Q. 

(a) For r € J^, is an irreducible finite dimensional Q-module with 
highest pair (t;J,a„J. In fact as Q-modules = V. 

Proof, (i) Contemplating ()2.1ip . one can see that tpie^) = e„ (K" t'^ 7^ 0. 
Therefore e^ 7^ 0. Thus by [HI Theorem 21.4], it is enough to show that, for 
all i £ j£, 

(2.16) [h,,e^]=an{h)e^, h,e^]=0, e^] = 0. 

Fix i £ Ji. We first note that the equalities in (I2.16P hold for a = as IS 
a maximal vector in the ^-module Q. Now let a is nonzero with norm-tuple 
= (&!, • • • , ^\a\)- Considering Convention 12.81 one gets from (R4) together 
with (an iterated use of) the Jacobi identity that 

[hi, Ca] = [hi, [^ba, e„]] = -[^^a, [e-n, hi]] = an{hi)e^. 

To prove the next two equalities in (j2.16p . we use induction on [a[. Assume 
/ o" is nonzero with [ei,ea-] = = g^j_ "\Yg ^re done if we show 

that for oq £ Ju, 

[lht,ao,e^]] = = [i/i±,„,e.]]. 

Since On and Ui are not proportional, there exists x £ H such that a„(a;) 7^ 
and ai(x) = 0. Therefore using (R4) and Proposition 12. 14f i). we have 

[^^J,ao' e^] G C[x^,, e^] and [x^^, e,] = 0. 

Now using these together with the Jacobi identity and the induction hy- 
pothesis, we get 

[eiJ^/in,ao'ea]] e C[ei,[x^g,e„]] = C[[x^g, e,], e„] = 0= [[x^^, /i], e„]. 
and 

[f^^('^^)+\ht,,^,e.]£C[fr^'^^^\xt,,e.]=C[xt,,f 

(ii) Using an argument analogous to the one in part (i), we are done. □ 

Using Proposition I2.15l fi). one concludes that there exists a ^-module 
isomorphism ^jg- : Q — > Qa mapping e„ to 60-. Therefore Q^^ admits a weight 
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space decomposition = J2-yeR{S€r)y, where {Qa)j = ^faiG-y), 7 G -R. For 
a € Ju, we set 

(2.17) := (0,..., 0,^,0,..., 0) and V^t-=^^±- 

a-th 

From (|2.12p we have (/Cq (e^) = e^± = (l/2)[/i^„, e„]. Now considering (j2.2p . 
(j2.3p and (R3) we have, for i € and a G Ju, 

(2.18) e± =(^±(e,) and /i± = v9±(/i,). 
Now set, ior t G Jn, a G Ju and ^ + 1 < j < n, 

(2-19) + . + . . 

ft,a-= Vaift), ej^^:=ipf{ej), hj^a-= ^a{hj) 

and finally set 

(2.20) Z := spanc{[/ij,f,,/ij,r] \ i ^ Je, cr,T e Z"}. 

We next note that as (p^, a G Z'^, is a ^-module isomorphism and [e^, /j] = 
Sijhi, i,j G J^, we get for a £ J^ and j G J^, 

(2.21) [ej,^, /j] = ej] = 

Now let r £ Jm, then Proposition \2.15{ ii) guarantees the existence of a 
^-module isomorphism 

(2.22) : V — ^ such that v = (see (l2J2]l ). 
Set V'r '■= i^o- Since V'r(v) = u'^, (|1.18p and (|2.5p imply that 

(2.23) v'^t = ipr{v±t); ne + l<t<ns. 

Also as is an irreducible finite dimensional (/-module of highest weight 

ttris) we have 

(2.24) 

= (V;)o e ®Zn,+iiK)±t where 
(V^)±t := (V^)±„, = C<,±, with := V^^(^±i); n, + 1 < t < n,. 

Proposition 2.25. Let t G Jn and a = iaj. Suppose for j G J^^^, xj £ Ti is 
such that a{xj) ^ 0. For j G J|o-|, recall Convention \2.8\ and set cj := (xj)^'^. 
Then for e G >Cj^ (^see Proposition \2. 14\ ), we have 

1 r 1 _ / 95(T(e) ifeeGo 



nlii(±a(x,)) W^(^) ^/eG V^/orsomerG J„ 



Proof. Using Proposition 12. 14T n) . it is enough to show that the right hand 

\<t\ , 

Vl 



side of the expression equals to [yl''^ , . . . , ytK) e] for some yi, . . . , G TC 



with a(yj) = 1, i G J|o-|- Take 



V := e„ and A := a„ if e G 

f := and A := ar,. if e G VI for some r G Jm- 
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Using Lemma ll.Sr i). we may suppose e = [fip, ■ ■ ■ , fii,v] where p € N, 



ii,...,ipe Jn and for q G Jp, ^ ±(A - Ylr=i 



For I < q < p, ^ ±(A — Ylt=i'^ir)j so there is Xq € 7Y, such that 
o^iqi^q) = ™d (A — Ylt=i '^ir){^q) = 1- Now we recah Convention 12.81 
and note that Proposition I2.24l fi) imphes that [fig,Xq'^] = 0, i G J|o.|. So 
contemplating Proposition 12. 14y ii) together with the Jacobi identity, we get 

[fiq T^q : ■ ■ ■ J 2:^5 : /i,-H ■ ■ • J /il J ^] — [^^g' 7 • ■ ■ J ^^g ' ' : /i, 1 fiq-1 J ■ ■ ■ 1 fin 

Using this repeatedly, one has 
[Xp , . . . , Xp ^' , e] [Xp' , . . . , ^' , ) • • • ) /ii ) v] 

[Zip , • • • , /n , a eeV^ for some r £ J^- 
Now we are done as 990- and -0^ are ^-module homomorphisms. □ 

Recall from Section [1] that we have fixed an specific order for (simple) 
roots, in terms of their lengths. Accordingly, for type i*4, we consider the 
following fundamental system 

(2.26) {qi = £2 - £3, "2 = £3 - ^4, "3 = £4, 04 = ^(ei - £2- £3- £4)}, 

where as usual e^'s are the standard orthogonal basis for M^. Using the mod- 
ule theory for type -F4, we may find fix complex numbers a, b, a' , b' , 03, 63, a'l, b'l 
satisfying 

{a^a' + b'^a)b = -{a^b' + b'^b)a, «a' + b'ia)b' = -{a'lb' + b'ib)a' , 
/2 t{a'f3 ■ V3 + a/4 • f4, &73 • t^3 + bU ■ V4) = 1, 

{a'fs ■ V3 + a/4 • V4) * {b'fs -vs + bji- V4) = 0, 
ei ■ {fs ■ V3) = a'-Vi, ei ■ {f^ ■ V4,) = b'{vi. 

where 3 < z < 4 and t is the trace form introduced in Section [1] (see Subsec- 
tion [52]) • We then define 

j^r,s f Wifs, <3] + «[/4, ^,4], ^'[/3, <3] + Hh, <4]] for type F4, 
"'^ ■ I otherwise, 

where r,s G Jm and a,T G Z'^. Now set 

(2.28) P := spanc{I)J,t k, ^ ^ ^m, ^ G Z^^}. 

In Propositions 12.291 and 12.301 we prove several crucial relations among 
the elements of C, which reveals the algebra structure between parts Ga, V^j 
V and Z (see (i2J3]l . ([2:20]) and (^Mi)) of £. Since the proofs of these two 
propositions are quite technical and a bit long, we found it more convenient 
to records their statements here and postpone their proofs until Section [3| 
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Proposition 2.29. Let r G J^, a G J,y, i ^ j G Je and a,T ^ . Set 

r^" = T it da, then considering i2.19\) . we have 

(i) [Cj,T5 — — \fi,T^ fi,cr\i 

(a) [ei,a,hj^r] = -ai{hj)ei^a+T and [fi,a, hj^r] = ai{hj)fi^a+T, 

(m) [/li,r,ejj = [hf^a^ei^r] = '^ei^r±a and [/li,r,/fj = [/ija'/^.^] = -'^fi,T±a, 

(iv) [hf^a^h^] = (ai(^i)/2)[/iJa,/ii,a], 
(vi) /ij,cr] = —<^ns{hi)v^, in particular 

Proposition 2.30. For a eH*\ {0}, o and r G J^, define {Qa)a and 
{VJj)a to be zero if a is not a root or a short root respectively. Let cr,T € Z'^ , 
r,s & Jm and t £ Jn, then we have 

n n 
t'=lo-gZ'' i'=l(T6Z'' 

(n) K,(a.)±aJ C (V^)±,,+,„^ and (g.)o] C (v;),„^. 
(tti)[H, (V^)o] = {0}. 

m m 

p=i (JeZ" p=i (SeZ" 
(v) = 0. 

('uij For a G U {0} \ {±a„^}, we /laue 

Moreover only the first (second) summation on the right hand side happens 
if r = s (r ^ s). 

(vU) b^<,_„J C^,^^4(?5)o + Ei<fc<™E5ez4V|)o + 25. 

m 

(vm)[v^,V]cY^Y.^S- 

k=i (SeZ" 
(tx) [H,V] = {0}. 

(x) V is a trivial Q -module. 

(xi) Considering 112. 20\) . we have Z C Z{C). 

3. Main theorem 

In this section we state and prove the main theorem of this work. The 
notation and terminology will be as in the previous sections. 

Theorem 3.1 (Main Theorem). Let C he a centerless Lie torus of type 
X ^ A,C, BC with the universal covering 21, and associated presented Lie 
algebra C. Then £ = 21. In particular ^ is a finitely presented Lie algebra. 
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Proof. We proceed with the proof in a few steps. 

Stepl. Considering (j2.18p and Propositions \2.lS\ \'2.'29i iv) together with 
Proposition 12.30] and using the same argument as in [Youj Theorem 2.2 and 
Proposition 2.11], we get that 

£ = ^ + ^ ^ + P + Z and Z{C) CV + Z. 

and that C is an i?-graded Lie algebra. Moreover C = QaeR^a where 
' + ^ + 2 ifa = 0, 



o-eZ" o-eZ" rG Jm 

E (^-)- 



if a G Rsh, 
if a G Rig. 



Now we note that as C is an i?-graded Lie algebra, so is C/Z{LL) and as 
Z{C) C D + Z, one can identify C/Z{C) as 

(3.2) C/Z{C) = E + E E + ^' "^^^^^ ^' •= ^/^('^)- 

o-eZ"" aeZ" re Jm. 

We shall keep the same notation for the images of ei, fi,hi, hf^ and v"^ 



in C/Z{C) and use [•,•] for the Lie bracket on C/Z{C). Now using (j2.1ip . 
(jl.l6p and Theorem 11.131 we have an epimorphism 



ij' : c/z{c) 2i/z(2i) = (0 ^m) e (V a- ) e 



with 



ej 1-^ ej (g) 1, fi^ fi® 1, hi® 1, /i^^- ^ hi® tf^, v"^ ^ Vn^ ® Wr- 

for i G Ji, j G Ju and r & Jm- Next let a,/3, a + /3 G .R^, 7,0 + 7 G 
-^sh) cr, r G Z'^ and r G Jm,. It follows using Proposition 12 . 25l and (|1.12p that 
i^'{{0a)a) = Qa®t'' and ^'((V^)^) =V^® fwr. Therefore by (fTT^ . we 
have 
(3.3) 

i^'{[iQa)a, (^r)/?]") = W {{0.^) , i^' {{gr) f^)] = Ga+(^ ® / {0}, 

V''([(a.)a, (V^)^]") = [^lJ'{{g^)a),^'m)^)] = Va+j®r+^Wr + {0}, 
= W{iV^)(),^'mh)] = [V,®t<Ws,Vr®t''Wr]. 

Step2 (Simply- laced types). We define a Z'^-gradeding on C as fol- 
lows. Recalling (j2.17p . we set 

deg{ei) = deg{fi) = deg{hi) := 0, deg{hf^^) := ±2aa 
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and note that this defines a Z^— grading on the free Lie algebra generated by 
the generating set {cj, fi, hi, hf^ | z G J^, a G Jy}, then as the relations (Rl)- 
(R9) are generated by homogenous elements, the defined grading induces a 
grading on C which naturally defines a grading on C/Z{C). We set 

(3.4) {C/Z{C)r^ := {C/Z{£))^ n {C/Z{C)r; a e R, a G Z'' , 
so 

(3.5) {jC/Z{C)r^ := {g^U aeR, aeZr 

We next note that as C/Z{C) is a centerless i?-graded Lie algebra, using 
Recognition Theorem results in the existence of a unital commutative asso- 
ciative algebra A such that C/Z(C) = Q ^ A and so the multiplication on 
C/Z(C) obeys the Lie bracket on Q A which implies that 

{C/Z{C))o, = ga®A; aeR"". 

Using the same argument as in [You I Subsection 2.6], one can identify A with 
such that hf^ is identified with hi^t^^. This in particular implies that -0' 

is an isomorphism from C/Z[C) to 2l/Z(2l). Now taking vri : C — > C/Z{C) 
and TT2 '■ 21 — 2l/Z(2l) to be the natural projection maps and considering 
()2.1ip . we get that o 7r2 o i/j = vri . Now one concludes that : C — > 21 
is a central extension of 21, but £ is perfect, so by jMPl Proposition L9.3], 
we get that ^p : C — > 21 is an isomorphism and so £ ~ 21. 

Step3 (Type G2). We recall that for type G2, there is < p < 3 such 
that the corresponding pair of the i2-graded Lie algebra 2l/Z(2l) is {S,L) 
where S := Zai • • • © Zctj,, L := 3Zai © • • • © 3Zap © Zap+i © • • • © Zctj, 
and that m = 3^ — 1. For r G J^, define 

p p 

(3.6) (T'":=^SiC7i where r = 3'~^Si for si,S2, S3 G {0, 1, 2}. 

1=1 1=1 

Let a = (ni, . . . , n^) G Z'^, for 1 < i < p, suppose that mj, rj G Z are such 
that Tj G {0, 1, 2} and nj = 3mi + r^, set 



p 



(3.7) 



1=1 1=1 i=p+l 

P 



Jiai. 

=1 



Note that ^o- = ^o- if o" G L. Now we would like to define a Z'^— grading on 
£, for this, we recall ()2.17p . (|3.7p and set for i G J^, aGJp, p + l<b<i> 
and r & Jm, 



deg{ei) = deg{fi) = deg{hi) := 0, deg{h^ J := ±3<Ta, 



deg{hf,) := ±ab, deg(7;'') := cr"". 
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This defines a Z*^— grading on the free Lie algebra generated by 
{ei,fi,hi,hf^^,v'' \ i e Je, a e Ju, r e Jm}- 

As before relations (R1)-(R9) are generated by homogeneous elements, so 

this grading is naturally transferred to C and also to C/Z{C). Next we note 

p 

that if cr = {rii, . . . , n^) E Z'^ and r E Jm be with = then 



Qrj is homogeneous of degree SnjCii + njCJj and 

(3.8) , 

is homogenous of degree ^^(Srij + Si)(Ti + njCTj. 

j=l i=p+l 

As before set 

{£/Z{Cm:=i£/Z{C))an{C/Z{£)r; a G R, a E 

Since £ is a G2-graded Lie algebra, Recognition Theorem states that there 
are a unital commutative associative algebra A and a unital Jordan algebra 
J over A having a normalized trace satisfying the c/is-identity (see Theorem 
ll.lOP such that C is centrally isogenous with 

(^ A) e (V «) Jo) © Dj^j 

where V = Co (see §1.1.2). Next set B := j7o and note that Dj j = Dj^ j^y 
Now we have 



(3.9) {C/Z{C)), 



Gaf^A if a e Rig. 



On the other hand, using ([32]), <^Mi dHS]) and ([32!), we have for a E 
and a G R^ that 



(3.10) iC/Z{C))l 



(V^J)q, if a E Rsh and a £ S\L, 
iS5„)a if a E R^ and a £ L. 



Next let a E and a £ L, then using (j3.9p . we get from the one 
dimensionality of (£/Z(£))J^ and Qa that there is a one dimensional subspace 
A^^ of ^ such that 

{c/z{jC,m = g^^Ai^. 

Using the same argument as in simply laced types,we get that a, (3 £ Rig 
and a £ L. Set 

A^" := A^^ for cr E L and any choice of q E Rig. 
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Now let (T G L and a be a short root, take /3 to be a long root such that 
a — /3 € i?^, then recalling (|1.12p . we have 

Therefore we have 

(3.11) iC/Z{C)y^ = Ga^A^^; aGR"", aeL. 

Next suppose that a € Rsh and o" E S" \ L, then the one dimensionality 
of {C/Z{C))'^ and Va together with (j3.9p and (jS.lOp implies that there is a 
one dimensional subspace B^"^ such that 

(3.12) {C/Z{C)y^ = Va^Bi'^. 

If cr € 5 \ L and a, /3 € Rsh such that a — /3 E R^ , then we have 

Vc.^Bi'' = {£/Z{C))- = {V',^J^=i^Z(^a-p-V^) = [Ga-f3,4^Z{V^)] 

= [Ga-0,{Vl:U 

= [Ga-p,Vf3®Blf]- 

= Ga-p-Vfi^Bf 

= Vc,®bI\ 

which implies that = B^^" . Use [XGl (5.11)] to conclude that B^^ = B^^" 
for all a, (3 G Rgh and define 

(3.13) B^" := B^" for o- G 5 \ L and any choice of a G Rsh- 

Now take a,T £ L and a, /5 G R^ to be such that a + /3 G R^ , then (|3.3p . 
dSH]), (frT2l) and Remark [TlS] imply that 

0^ [(lfe)S,(^)^rc(^)^r^ = ^.+,®AW and 

Also for o" G L, T G 5" \ L, a G Rig and /? G ii^/i such that a + /3 G Rsh, 
([3:3]) . (f3l2]) . dHU]), (frT2]) and Remark [TTS] imply that 
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Therefore the one dimensionahty of the subspaces appearing on the right 
hand sides imphes that 

(i) A^" ■ A^- = A^"^^- = A^"*-; a,T e L, 

(3.14) 

(ii) A^- ■ B^- = B^-+^- = B^-+-; a e L,t e S\L. 

One can see that there are short roots a, (5 such that a + /3 € Rsh and 
a; € Vq, y G V/3 are such that 

Dx,y 7^ and x * y ^ 

(see Subsection 15. ip . Now if (7,7 G S\L, considering (|3.7p and using ()1.12p . 
and (fT^ . we have 

and so (|3TII]1 and ^ imply that ^ [{C/Z{C)y^, (£/Z(£))^] C {C/Z{£.))ll]^ 
and so one dimensionahty of the subspaces imphes that 

(3.15) [{C/Z{C)Z, {C/Z{C))l] = {C/Z{C))Zl 

This together with (IXTnl) . (IXTTI) . (1X121) and (f3l3]) imphes that 



[Va^B^%V^(^B^ 



Va+p0B^-+-' if(T + 7G5\L 

if (T + 7 G L. 



Now if / a G and / 6 G B^-r , then {C/Z{C))'^ = Cx a and 
{C/Z{C)y^ = Cy^b. Also using (frT2D . we have 

[x (g) a, y (g) 6] = I)^.,^ (g) t(a, 6) + (x * y) (g) (a * 6) + t(x, y)Da^b. 

Therefore if cr + 7 G L, we have 7^ t{a, b) G A^'^+'^ and a*6 = which result 
in the fact that ah = a*b+t{a, b) G A^''+-i = ^^-+t. Also if (T+7 G S'VL, then 
^ a*b G B^'^+'y and t(a, 6) = which imply that ab = a*b+t{a, b) G B^'^+i. 
Summarizing our results, we have 



(3.16) B^'^ ■ B^-< 

Next set 



^«<T+7 if cr + g 
B^-+i if cj + 7 G 5 \ L. 



A^- if o- G L, 
S^- if cj G 5 \ L. 

Now as {C/Z{C))a = T.„^i^{£'/Z{C))l, a e R"" , one can use i^J^i and 
(j3.16p to get the fact that J = A(BB = ®a&L''J'^ is a graded Jordan algebra 
with one dimensional summands satisfying J'^ ■ J"^ = J'^^'^ . Therefore using 
the same argument as in \Mj\ Proposition 5.58], we get that A is graded 
isomorphic to ^[j^] and J is graded isomorphic to Jp. Therefore considering 
Remark 11.151 and using the same argument as in [Youj Subsection 2.6], we 
may identify A with A\^^-\^ such that 

(3.17) h^^ = hi® tt^; i G Jn, j G Ju- 
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Now let r £ Jm = Jp^-i, considering ()3.7p and (13. 6p . one finds that 
TfjT = r and 5^^ = 0, so V^l = Vq'^'^ = V" and ^o-r = o"''. Therefore using 
(I3T0I1 . (|3T^ . (IXT31) and (lAl) . we have 
(3.18) 

Thus considering (jl.lSp for each r € J^, one finds 13'' G 5'^ such that 
= Now since V, as a ^-module, is generated by p.6p imphes 

that 

(3.19) t'ii = ® Z?""; + 1 < « < n^, r e Jm- 

Now one can use Subsection 15.11 to see that there is + 1 < i < — 1 
such that * v^i ^ and Dy^^^^y_. / 0. Using (R9), we have for r,sGJm 
that 

(3.20) [v',vU] = m'_,4,J(l/2)b*j,\e,,_J +m_,a,,,[(l/2)b*,V,.'<''"]- 

Now if qi := \(Tr,s\ and q2 ■= jo'rsl, then there are ji, . . . , jqj^,ii, . . . ,iq^ £ 
such that t"^'' =tf ■■■tf and = tf ■ ■ ■ tf . Now (1221), Convention E^l 

31 Jq\ '1 *iJ2 ^ ^ 

(f3T7p . (R4), (f3T9]) . ([112]) and (fL22l) imply that 

m_ia^,,[(l/2)b^^^^ , v^'^] = m.,ar,s[\ht^ ® tf^^ \k ® i%vt^ ® Z?*''"] 

(3.21) = m_iar,svu®t''^''!3^^'' 
and 

"i-X,s[(l/2)bl7 ,ei._J = m'_ia',^^[^ht'_^ (g) tf^^, . . . ,^ht>_^ tf^, et'_^ (g) 1] 

= m'_ia'^^,et>_^ tj^ . . . t,^ 

(3.22) = 4„,,._,®a;,,t<=. 
Also ([3:20]) . (I3:2T]) and (l3:22]l imply that 

on the other hand ()3.19p together with p.l2p implies that 



These together imply that 
(3.23) t{(5\ 13') = a'^^,t<^ and * = a^_,^'^'■.»/3*'■•^ 
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Now (ll.2ip and ()3.23p imply that we can identify (3"^ with Wr for r G J^- 
Therefore we get that C/Z{jC) is isomorphic to 2l/Z(2t). Now using the same 
argument as in simply-laced types, one get that £ ~ 21. 

Step3 (Type F4). We recall that for type F4, there is < p < 3 such 
that the corresponding pair of the -R-graded Lie algebra 2t/Z(2l) is {S,L) 
where S := Zai © • • • Za^, and L := 2Zai © • • • © 2Zap © Zdp+i © • • • © Za^ 
and that m = 2^ — 1. For r G J^, define 
p p 

(3.24) (j'":=^Sj(Ti where r = ^2*"^Si for si,S2, S3 G {0, 1}. 

Let £7 = (ni, . . . , n,y) G Z'^ , for 1 < i < p, suppose that rrii, ri G Z are such 
that G {0, 1} and nj = 2mj + r^, set 

p p V 

r„ := ^ 2*~Vi, := ^ miCij + ^ nifii 

(3.25) p ^=P+^ 

6*^7 := flu + 0-'''^ = (5^ + ^ rjCTj. 

j=i 

We mention that 6^ = O^j \i a ^ L. Now we would like to define a Z'^— grading 
on >C, for this, we note that for i G J^, a G Jp, p + 1 < 6 < and r G Jm, 

(ie5(ei) = deg{fi) = deg{hi) := 0, deg{hfj := ±2aa, 
d(^9{hf^b) '■= deg(7;'") := cr"". 



define a Z''— grading on the free Lie algebra generated by {ci, fi,hi,h^ g^,v^ 

i £ Ji, a G Ju, r G Jm}- As before relations (R1)-(R9) are generated by 

homogeneous elements, so this grading is naturally transferred to C and 

also on Z{£.). Next we note that if a = (ni, . . . ,nu) G Z*^, and if z G Jp, 
p 

Si G {0, 1} and := ^ 2*~^Sj, then 

i=l 

p V 

Qa^ is homogeneous of degree 2njcrj + njCJj and 

(3.26) ^=^+^ . 

is homogenous of degree ^^(2nj + Si)ai + njCJj. 

i=l i=p+l 

As before set 

(Z/Z(£))^ := (£/Z(£)), n (£/Z(^))'^; a G fl, a G Z^ 

Since £ is a F4-graded Lie algebra. Recognition Theorem states that there 
is a unital commutative associative algebra A and an alternative algebra C 
over A having a normalized trace T satisfying the c/12-identity (see Theorem 
ll.lOP such that C is centrally isogenous with 

{Q®A)®{V® Co) © Dcfi 
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where V = 5o (see §1.1.2). Next set B := Cq and note that Dc,c = -Cco.Co- 
Now we have 

(3.27) (£//(£))„- I ^^^^ if a e Rig. 
Also for a gZ" andae R"" by (13:26]) and ([32]), we have 

(3.28) {C/Z{Cm = \ ^^/h '5 " ^ ^ ^ 
^ w V y/a I (^5„)a if a G i?^ and cj G L. 

Using the same argument as in type G2, one finds one dimensional sub- 
spaces A^"^ , a G L and B^"^ , a S \ L, of A and B respectively satisfying 

(i) A^'^ ■ A^^ = A'^-+<5- = ^'5-+-; r G L, 

(3.29) (^i) ^"^^ • = 5''"+^^ = 5^"+^; a e L,T e S\L, 

(Hi) B'^ . B'^ - [ ^'^^^ ifa,reS\L,a + TeL, 
^'''^ ^ ^ ifa,r€S\L,a + TeS\L 



such that 

(3.30) {C/Z{Cm = 

Now for a eZ", set 



Va <8) -B^" a G cr G 5 \ L. 



A^- if cr G L, 

if (T G 5 \ L. 

Then (j3.16p implies that C := ©q-gz^C"" is a graded alternative algebra with 
one dimensional summands satisfying ■ = C^"*""^. Therefore using the 
same argument as in [AG-i, Proposition 5.45], we have that A is graded 
isomorphic to yljj^] and C is graded isomorphic to Ap. Therefore as before we 
may identify A with Ai^^ such that 



(3.31) hf^ = hi^tt^; i€Jn, j eJ^ 



V ■ 



Using the same argument as in type G2, one gets that C,/Z{C) is isomorphic 
to 2l/Z(2l), and so as before, one concludes that £ ~ 21. 

4. Postponed proofs 

In this section we present the proofs of Propositions 12.291 and 12.301 For 
this, we first need to prove the following claim about type -F4. 
Claim. Suppose that R is of type F4. For a,T & W ^ 1 < r,s < m with 
r ^ s, we have 

(i) K3>[/3,<,3]]=0. 

(ii) K4J/4,<4]]=0- 

(iii) [<3J/4,<,4]] = -K3,[/4,<4]]- 

(iv) K4,[/3,<,3]] = -K,4J/3,<3]]- 

Proof of the Claim, {i) One knows that ei — £4 is a positive long root, 
take i G J„ to be such that = ei — £4. Now as —Oi + = £4 = 03 
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(see ()2.26p ). we have C[fi,v^] = Cv^^. Also as ei — £4 is not a short root, 
[/sj^ct] = and as Ui is a long root [fi, f^jv'!^^] = 0. Therefore using the 
Jacobi identity together with Propositions 12.251 \2.14\ iii) and (R9), we have 

Ka, [/3,<3]] e C[[/„<], [/3,<3]] = C([/„<,/3,<3] - [<,/i,/3,<3]) 

= C[/„<,/3,<3]-0 

= C[/„/3,<,<3] 

C C[n,f3,H^_^,v',vl]=0. 

W\ + \r\ 

(a) We know that 04 = ^{ei — 82 — £3 — £4). Take j, i G be such that 
Oj = + £2 + £3 — £4) and at = £2 + £3, which are positive roots. Now 
we have 

a4 + ttj = Oj = £1 — £4 and aj — 04^ = at 
which are long roots and so [ft, [64, V^_4]] = and [64, V^^] = 0. Now the 
Jacobi identity together with Propositions 12.25] and \27L^ iii) implies that 

K4J/4,<,4]] € K4,[e4,v;_4]] 

= [[/t,V^J,[e4,V;_4]] 

= [ft, v^,,, [e4, v;_4]] + [v^,,, /t, [e4, v;_4]] 
= [ft, [v^,,, 64], v;_4] + [ft, e4, v|, v;_4] 

= [/i,e4,V^,,,V;_4] 

C C[ft,ei,H,...,H,V^,VU]=0. 

W\ + \r\ 

(iii) Consider Lemma 11.21 and take i,j £ Jn be such that a^ = £1 — £4 
and —aj = |(— £1 — £2 — £3 + £4) = —cti + 04. Next we note that —04 + 03 
is not a root and that aj + a„^ = £4 = 03. Therefore [/4,'y^3] = and 
fi ■ t^us = for some z S C which in turn implies that z[fi,v%\ = 3. We 
next note that as an^ 7^ aj, there are /ii,/i2 € H such that ans{hi) = 1 = 
aj(/i2) and anX^'i) = = aj(/ii). We take Cj := [hiY'" , dj := (/i2)-''^ for 
1 < i < |(t|, 1 < i < |r| (see Convention 12. 8p . Also as a^^ +04 is not a root. 
Propositions 12.251 together with (R9) imply that ['f^CT'^T4] ~ 0. So 

the Jacobi identity and Proposition 12. 14T iM) imply that 

[<3, [/4, <4]] = [/4, <3> <4] = Ah, [fi, <], <4] 

= 2[/4, /j, [<, <4]] - z[/4, <, /i, <,4] 
= -z[/4,<,/j,<,4] 

= -2;[/4,ci, . . . ,C|^|,ci,. . . ,cJ^|,^;^/^,^;4]. 
Using (R4) together with the same argument as above, we conclude that 

K3' \h, <,4]] = -Af^, Cl, • • • , C\<j\,A, c\r\,v'', f^, V2]- 

But F4, ar^s = —o.s,r (scc (11.2ip ). SO using (R9), we are done. 
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(iv) Use the same argument as in part (i). 



29 

□ 



We are now ready to present proofs of the postponed propositions. 

Proof of Proposition 12.291 

(i) We prove the first equaUty, as the argument for the second equahty is 
similar. We use induction on |r|. If |t| = 0, then ei^r = e,, and [ej,ej^o-] = 
ej]) = 0. Now let the result holds for all r with |r| = s. Suppose 
that a' = (mi, . . . , m^) be such that \a'\ = s + 1, then there is a E J^, such 
that rua + 0. Set t := a' - "("'"^ and 7 := d + fTa^"^"") (see (121711 ). then 
— W\ — 1 = s. Now Proposition 12.251 the Jacobi identity and probably 
(R4), (R6) together with the induction hypothesis give 



(a) Since i ^ j, there are x,y & Ti. such that 

0^(2;) = 1, ai{x) = 0, aj{y) = 0, ai{y) = 1. 

Now using (j2.2ip . the Jacobi identity and Propositions I2.25t \2.1A( iii).(ii). 
we have 













, ' , Cj], [y ' , . . . , y ' , Cj 


~ \fj 1-^^ 1 ■ ■ ■ : 


1 X ' ) y ' 1 • • • ) y 1 Cji Cj] 








" ,(j i,T b'li'^ 1 



Note that to get the last equality, we may use (R6), (R4) (Canceling rela- 
tions). The second assertion is similarly proved. 

{Hi) We first note that by (|2.2ip . the Jacobi identity and part (i) of the 
proposition, we have 
(4.1) 



Therefore using Proposition 12.251 we have 
The second claim is similarly proved. 
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(iv) For t £ J|<^|, using (R5), one finds that {ai{hj)/2)[hf^^, fi] = [hf^a^ fi] 

and {ai{hj)/2)[hf^,ei] = [h^n^^i]- ^Iso by Proposition 12.251 we get that 

[(^/ij)^''^, . . . , = fi,a- Now these together with the Jacobi 

identity and (R4) imply that 

Now we are done as by (|2.2ip . [ej, fi^a] = /'-i.o-- 

(u) Using Proposition 12.251 together with the Jacobi identity and l2.211 we 
have 

(vi) We first note that as 7^ Oj, there are x,y £ H such that anXv) — 
0, aj(y) = 1, otns{x) = 1, ai(x) = and so using Proposition I2.14r i). we 
have [f'", y*''^] = 0, i € J|o-|, which together with Proposition 12.251 imphes 

that = [y^''^, . . . Now using this, (l2:2TD . the Jacobi 

identity, (R2), Propositions l2.14T iM) and 12.251 we get that 

[v'',hi^„] = [v'',ei, fi^a] = [ei,v'',fla-] = [x^''', ■ ■ ■ ^x^''^'" ,ei,v' , fi] 

= -a,,(/^i)[xl•^...,xH'-,^;^'■] 
= -anAhi)vl. 

This completes the proof of the first assertion. Now one knows that [u'", /ij^o-] = 
-anAhi)[x^'% ■ ■ . and = -anAhi)[x^'\ ■ ■ . Next 

we note that using (I2.21|) . Propositions 12. 25] 12. 14( i). the Jacobi identity and 
(R4), we get that [/ij^,-, x-''""] = 0, j G J\„\, so 

Similarly [V, ^,1;^ = (a„,(/ii))2[xi''^, . . . , xl'^l-'^, . . . , i;^. Now 
using (R4), we are done. This completes the proof. □ 

Proof of Proposition 12.301 

(i) It is immediate using Proposition 12.251 together with (R4), (R6). 
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(ii) We first suppose that t Ug, then there exists x G such that 
o^n^ix) = and at{x) = 1. Recall Convention 12.81 and set Cj := x^''^ for 
j G J|o-|- Then using Propositions 12.251 and I2.14lf i). we have 

Ki(^a)±Qt] = K,Cl,...,C|^|,^±„J = [ci,...,C\^\,v'',g±at] 

C [ci,... ,C|^|,(V)±a,+a„J 

Next let t = Ug, then as is not a simple root, there is 1 < j < £ and 
1 < i < n such that at — aj = Oj. Now {Ga)at = [^j, (^(t)^,] and so by (R2), 
the Jacobi identity and the first part of the proof, we have 

^ (K)Qt+Qns- 

Also as at = is a short root. Lemma 11.21 implies that there are i,j G J„ 
such that at + aj = ai, so (t?o-)-at = [cj, (^CT)-ai]- Now as before we have 

^ (K)-at+«ns- 

Next using (R2), the Jacobi identity and the first part of the proof, we have 

£ e 

i=l i=l 



C ^[e„(V;)_«.+..JC(V;), 



i=l 



{in) Using Lemma fOT u). One knows that (V^)o is spanned by [fi,v^^] for 
n£ + 1 < i < ^. So it is enough to show that there is a basis {xj G W | j G Jg} 
of H such that [{xj)^, fi, J = for all j G Je and a ^ J^,. Fix n^+l < i < £■ 
By Lemma ll.2r z). = /? + 7 where /3 is a short root and 7 is a long root. 
Take t, t' G Jn be such that /3 = ±at and 7 = zbct^/ and set 



f ft' if 7 = Oif f f ft if /? = at ^ .= / ""t if /? = "i 
^ ■ \ et/ if 7 = -at/, ■' ' \ et if P = -at, ^ ' \ vLt if /? = -at, 

then e G ^-7, / G ^_/3, [e, /] G G-Oi and w G (V)/? and so we have 

(4.2) [e,<,]GC^;(t;) and [/,<,] = 0. 



Consider a basis {xj [ 1 < » < ^ — 1} for ker(aj). Also note that since 
at' 7^ ai, there is G 7^ such that at{xi) = and ai{xi) 7^ 0. Therefore 
{xi I 1 < i < ^} is a basis for 7i. Now we note that using Proposition 




\a\— times \cr\— times 



32 A presentation of Lie tori 

identity together with Proposition 12.14^ ^). (R4) and ()4.2|) . we have for 1 < 
f<i- 1, 

\a\— times \a\— times 

and 

C C{[f,{xe)t,H,...,H,v] 




\cr\— times 

These all together complete the proof of this part. 

(iv) It follows from part {in) of the proposition together with Proposition 
MSI (R4) and (R7). 

(v) Using Remark ll.2( i). one finds t,t' € Jn such that Of is a short root, 
at is a long root and = iat' + cxt- We note that v^. is a weight vector of 
weight a-ris and so G CI[ej, Now using (R2), we have 

Since t' ^ Hs, there is h G H such that at'{h) = 1 and ans(^) = 0- For 
i G J|o-| set Cj := /i*''^ (Convention I2.8P . Now using Proposition [2251 we have 
Cv^^^, = C[ci, . . . , C|o-| , ^^'^ Proposition 12. 14( z) . 

G C[^;^Cl,. . . , C|<^| , = C[ci, . . . , C|^| , ^;^ u^^,]. 

Now as t' ^ Ug and 2an^ is not a root, we are done using (R9) together with 
Proposition 12.251 

(vi) Suppose that a is a short root not equal to ia^^, then there is 
ni + l<t<ns — I such that a = ±at. Since a / a„^, there is h € H such 
that a{h) = 1 and an^{h) = 0. Now using Proposition I2.25"| one gets that 
(V;)±a^ = C[/i^''^, . . . , /jl'"!''", and so Proposition EH^iu) implies that 

Now we are done using (R9) together with Proposition 12.251 Next suppose 
a = 0. Using Lemma fOl fii). (V^)o is spanned by [ei,u^_J, ng + 1 < i < £. 
Fix n£ + 1 < i < I, then we have 

b'Jei,<-i]] = [ei,[v',vl^_i]]. 

This together with the previous step completes the proof. 

{vii) We first consider type F4. Take i,j,t',p,q G J™ to be such that 

= ^(ei - £2 - £3 - £4), = £2 + £3, at' = ^(ei - £2 - £3 + £4), 
= ^(£1 + £2 + £3 - £4), "g = ^(£1 + £2 + £3 + £4)- 
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We recall 6, 6' as in ()2.27p , then one observes that there are nonzero scalars 

ai,a2,a3,a4,y, z eC satisfying ^ + ^ / and 

(4.3) 

[[fjJi],Vp] = ai[/4,V4], K,,/nJ = a2[?;3,/3], Vn, = a3[et',Vp], 
[ft'jjji, b'ifs, Vs] +b[f4, Vi]] = yv-ns, [fns,b'[h, V3] + 6[/4, V4\] = ZV-ns- 

Now we recall that and are ^—modules whose weights are short roots 
and note that Op — ai,at' + Oq are not short roots and + = ei = a^^. 
So the Jacobi identity together with part (vi) of the proposition implies that 



(4.4) = C[et,,h,[ft',v%v:^_g] 



^ [et',/^,/i',^(a.)a.+ E E(^')"«] 



rGZ" l<A:<mrgZ'^ 

Next we note that Oj + = ap = — , so the Jacobi identity, Propo- 
sition 12.151 and part {vi) of the proposition imply that 

UJrWpAKU ^ '^[fvypAKM 

c c[fp,[hy],{v:u 

(4.5) = c{[tp,ft,y,{viu-[fpyjt',{viM) 

= c{[fp,h,v\{VM-[fp.vMv:)^aA) 

^ E(^-)o+ E E(^')o- 

Now set t>o,i := [/s, 3], fo,2 := [fA-,v'^cjA\i mention that as ifj^ and -0^ ^^^^ 
^—module homomorphisms, (j4.3p implies that 



Next we note that h'vQ^i + 6^0,2 £ C^'ct)o5 so Therefore [/,-, /j, 6'uo,i + ^^^0,2] S 
(V^)_Q,,_a^. and so [hf , fj, fi,b'vQ^i + 6770,2] = [fj,fi,b'vo^i + 6770,2]- Also as 
aj and + Oj — af are not short roots, [ef, fj, fi,b'vQ^i + 6t'o,2] = and 
[fj,b'vo,i + 6t>o,2] = 0. These aU together with (fOl) and ([45|l imply that 
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= ^ [[et' , Vp] , ft' , fj , ft, b'vo,i + bvo,2] 

= —{[et',Vp, ft',fj,fi, b'vo^i + bvo,2]-[Vp, et',ft',fj, fi, b'vo,i + 6^0,2]) 
= —{X - [v'p, ht'Jj, fi, b'vo,i + bvQ^2\-[Vp, ft',et',fj, fi, b'vo,i + bvo,2]) 

= - [vp, fj, b'vo^i + bvo.2]) 

= ^{X- [v;, [fj,fi],b'vo,, + bVo,2] - [v;, fi, fj, b'vo,l + bVo,2]) 
= ^{X - [[v;, [fj,fi]], b'vo,^ + bVo,2] - [[fj,fi],v;, b'vo^i + bVo,2]) 

G ^{X + a,l[f,,vl],b'vo,i+bvo,2] - [[fj,ft],v;,{v;)o] 



[[fA,v^],b'vo,i+bvo,2] (mod^(aOo+ E E(^')o)- 



On the other hand using part (wi) of the Proposition, we liave , f fe'fo,i+ 
fe'yo,2] e ET6Z-(^-r)o + Ei<ifc<mErez-C^r)o, SO the Jacobi identity imphes 
that 

= ^([[^^',/nJ,bVl + ^^0,2] + \fn„v\yVQ^x + ^'^^0,2]) 
= ^([^3^ /3], ^'^0,1 + ^Q,2\ + \fn„v', b'vQ^i + bVQ,2]) 

[b|,/3],6Vl+K2] (mod^(g.)o+ E(^')o)- 



0-2 



Now we have the following congruences modulo ^ {Qt)o + E X/ (^r )o : 

reZ" l<fe<mreZ'' 
= K[/3,t^f]+a[/4,^;|],5'[/3,<3]+M/4,<,4]] G^'- 

For types other than F4, we first note that C[/^,v|] = C[fns,v^]- Now we 
have 

^ C[b^ AJ, [/,, t;,^]] + C[/, v\ [f,, v^^]] 
^ C[[/,, vl], [fe, vl,]] + C[L,,v\ [fe, vl,]]. 

Now we are done using part {vi) of the proposition. 

{vin),{ix) Use the same argument as in [You, Lemma 2.5]. 
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(x) We fix p, g G Jm and 7, (5 G Z and show that 

[e,,D^^'}] = [n,D^^'}]=0; l<i<e. 

We know that V^, V| are ^—modules, so for rii + l < j < i, [fj,v^ j] S (1^7)0 
and [fj,v1J G (V|)o, therefore [ei,fj,v^J = and [ei,fj,v1j] = for 
1 < i < n£ which together with the Jacobi identity imphes that 

[e,,I)^'J] = [/„I)^'J] = 0; l<i<n,. 

Therefore it remains to prove that 

h,I?^j] = [/i,I5^;^]=0; n, + l<i<e. 

We first consider type -F4. In this case the only simple short roots appearing 
in our fixed basis are 03, 04. Therefore it is enough to show that [cj, -D^'^] = 
for i = 3, 4. Using the Jacobi identity, the Claim and appealing ()2.27p . we 
have 

[es,D^J] = [e3,[a'[/3,<3]+a[/4,<J,^'[/3,<3]+M/4,<4]]] 
= {aW + b'ia)[vl„b'[h,vy+b[U,vl,]] 
- {a'^b' + b'ib)[vl„a'[h,vl^,] + a[U,vy] 
= {a'^a + 63a)6[7;^ 3, [/4, t;| J] - {a^b' + 636)a[?;^ 3, [/4, 4]] 
= 0. 

Also 

[64, D^^% = [64, [a'[/3, ^^,3] + a[/4, v'.^.Wh, vl,] + b[U, vl,]]] 
= {a'ia + 64a) [u^ 4, 6'[/3, ^5,3] + fe[/4, ^^14]] 
- {alb' + blb)[vl,,a'[h,vl,] + a[U,vl,]] 

= {a'la' + bla)b'y^,^, [/s, 1^5,3]] " ("4ft' + ^4ft)a'[^^^,4' [/s, ^^5,3]]] 
= 0. 

Using (R9) together with (jl.20p . we get that 

(4.6) [vP, vl-] = [v'i,vl.]- n,+i < j < Us. 

We note that in the cases under consideration, ("1^7)0 is a one dimensional 
subspace of V^. Let ni + 1 < i < i, then there is x G C such that 

X [fi , = [fi , and X [f^ , vl^l = [fi , v^^] . 



36 A presentation of Lie tori 

Now using Propositions 12.251 \2.1Ai iii) and ()4.6p . we have [/nsi ^^51 J = 
[/ris) ■^7) ■yf J- This together with the Jacobi identity imphes that 

(4.7) = x[[/„,,t;P],[[e„/.],<J]-x[[/„,,^;^],[h,/,],<J] 

= 2x[[/„,,T;f],<J-2:z:[[/„,,t.^],<J 

= 2x(-K,/„^„<,] + K,/„^„<J). 

Now if ai — ai is not a short root then [fna^i^si\ ~ ^7 J = ^'^d so we 
are done, otherwise there are ni + 1 < k < Ug and y G C such that 

[/ns , <J = 2/<±fc and , v^-] = yv^^^^^. 

This together with (14. 7p . Propositions 12.251 12.14( iiz) and (14. 6p imphes that 

Using the same argument as above, one can show that 

{xi) Let i & Ji and 7, 5 S and j G Ji, r G Jm and a G Jy. We need 
to prove 

[Cj, [/ii,7, /li,^]] = [/j, [/li,7, hi^s]] = [/li,7, = [/ii,7> ^i,^]] = 0. 

Using the Jacobi identity together with Proposition 12. 29T u). we have 

= (aj(^«))^(ej,7+'5 - ej,7+'5) = 0- 

The proof for the second term in the statement is similar and the last 
assertion in the statement is immediate using Proposition l2.29T fi). Now it 
remains to prove [h^a^ [hi,'y, hi^g]] = 0, for this we first prove [hf^, hf^^, hi^s] = 
for all b G Ju- Fix b G J^, and use Proposition 12. 29l f7;).(Mz) to get 

[fta ' h% ^Ks] = 2 , [e Jfe , fi^s] - \5+-y± ] 

= 2[/j^5, e^^, f^g\ — 2[e^^, /j^^, /^^^^J — 4/j^5_,_^±_,_^± 
= 2[/j^5, e^^, /j^^^] — 4/^^^_|_^±_|_^± . 
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But again using Proposition l2.29( t;).(Mi). we obtain 

= Ha^ ki\ - ki\ + ^f^,^±+^f+5 

= -^Ha^ fi,S+^^] + '^Hb^ k5+^^] + 4/i,7^+7±+<5 

Therefore 

and so by (j2.2ip . the Jacobi identity and the first part of the proof, we have 

[^>' hfb, hi^s] = [[eu . hs] 

= N. /i' f^tb^ hs] - [fta^ ei, /ij^, hi^s] 
= 0-0 = 0. 

Now using Proposition \2.2^ iv) . our obtained information and the fact that 
(j2.ip is a generating set for the Lie algebra, one can conclude that [/i^^, K^^] G 

Z{C) for all b € J^- Similarly one can get [h^i^^hi^^] S Z{C). Therefore the 
Jacobi identity implies that 

l^ta^ IKl^ ^iA] = [hf,a^ Ks]] - [^i,S^ i^f^a^ ^i^^]] = 0. 

This completes the proof. □ 



5. Appendix 

5.1. The exceptional simple Lie algebra of type G2. Suppose that 
£ is the 8-dimensional (non-associative) Octonion algebra over C. It is a 
celebrated theorem that all the derivations of £ are inner and q := Der(^) 
is the 14-dimensional simple Lie algebra of type G2. Each element of C can 

be represented in a matrix form as ^ ^ ^ ^ where a, & G C and v,w £ C'^. 

The add and the scalar product on <t is as usual for matrices and the product 
on <L is given by 

/ a V \ / a' v' \ _ f eta' — v ■ w' av' + b'v + w x w' \ 
\ w b J \ w' b' J \ a'w + bw' + v x v' bb' — w ■ v' J 

where " • " and " x " are respectively the usual inner product and cross 
product on C^. Take {cj | 1 < i < 3} to be the standard basis for C'^ and fix 
the basis {ci, . . . , cg} for C as follows: 



38 



A presentation of Lie tori 



For i = 1,2,3. The normaUzed trace on £ is 



t : £ 



C; 



a 
w 



(l/2)(a + 6). 



Set 



hi := D, 



C3,C6 



and h2 := D^^ cr; f) := C/ti C^2 



and define ai , 02 G ^* by 



ai : 
Oi2 '■ 



hi 
hi I 



2, /i2 ^ 
-1, ^2 



-3 
3. 



One knows that ^ is a Cartan subalgebra of g and that g has a weight space 
decomposition g = ®aeRQa with respect to f) where 

R := {0, ibai, ±a2, ±(q;i + a2), ±(2ai + 02), ±(3ai + 02), ±(3ai + 20:2)} 

and 



flai 



CD, 



C5,CA1 



9— a2 — 'CIi^c4,C6) 

02ai+a2 = C-D, 



Cl,C5, 



S-(3ai+Q2) ~ 



Cl,C3, 



'C1,C3) 

0ai+a2 ~ 'ClZ^cijCr, 
03ai+2a2 = ^^c-^cr, 



CD, 



fla2 '^■^C3,CTJ 

9-(ai+a2) = CDci,C4 

S3ai+02 ~ ^^^cr^cg. 



-(3ai+2a2) 



CD, 



C4,C8 • 



The subspace £0 of £ consisting of all elements of trace 0, is an irreducible 
g— module whose highest weight is a short root. Indeed setting V := (Lq, we 
have the weight space decomposition V = ©aeR^^u{o}^o! with Vq = ci — C2 
and 

Vai = CC6, V_ai = CC3, Vai+a2 = Ccy, 

Now we would like to state some facts which we will use for our presen- 
tation. We note that C5 is a maximal vector of weight 2ai + 0:2 and cg is a 
weight vector of weight — (2ai + 02). We also have 



(5.1) 



C5 * C3 = C7, 



for 3 < t < 7 with t / 5 and 

C5 * C6 = 0, C5 * C7 



C5 * C4 



-C6, 



0. 



5.2. The exceptional simple Lie algebra of type F4. Take £3x3 to be 
the algebra of all matrices with entries in the Octonion algebra C Consider 
the conjugate transpose involution x ^ x*, x G ^3x3 on £3x3 where x is 
induced from the usual involution on £ and take Z to be the self-adjoint 
elements of ^3x3 with respect to the involution. Then 5 is an exceptional 
simple Jordan algebra under the multiplication x-y := (l/2)(xy + yx) where 
the product by juxtaposition is the multiplication in £3x3- It is well known 
fact that all derivations of 5 are inner and g := Der(5) is a simple Lie algebra 

Ci c b 

of type F4. Each element of 5 is of the form ( c ^2 o | with (^1 , ^2 , Cs ^ 

b a Cs 
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C and a,b,c E £. Such an element can be denoted as (Ci) C2) Cs) '^i ^) c). One 
can see that (1, 1, 1, 0, 0, 0) is the unit of the algebra Z- The map 



(5.2) i:5^C; (Ci, C2, C3, a, 6, c) ^ (l/3)(Ci + C2 + (3)- 



is a normalized trace form. We fix a basis for ^ as follows: 



ji := (1,0,0,0,0,0), j2 := (0,1,0,0,0,0), 
(5.3) j3:=(0,0,l,0,0,0), j3+. := (0, 0, 0, c„ 0, 0), 

ju+i := (0,0,0,O,Ci,O), ji9+i := (0, 0, 0, 0, 0, q); 1 < i < 8. 



Set 
(5.4) 

4 

hi := £'j4j5, /i2 := Dj^,)g, h^ ■= Ar.ho, ^4 := ^'jgjn and f) := ^C/ij, 

i=l 



then f) is a Cartan subalgebra of Z- Next define ai, 02, 03, 04 G [)* by 



Ai 0, /t2 I— > ^, /i3 I— /14 I— 0, 

/ll 1-^ 0, /l2 0, /13 1-^ ^, /l4 

1-^ 0, /i2 ^ 0, /13 1-^ 0, /14 ^ ^, 

/il ^1,^2^ /13 ^ ^, /i4 ^ ^■ 



We have the weight space decomposition g = ®a&RQa with respect to [) 
where i? = {0} U Rgh U where 



i?s?i = ±{0:3, 04, a2 + 0:3, 0:3 + 0:4, CKi + 0:2 + 0:3, CK2 + Q!3 + 04, 

02 + 2a3 + ai, ai + 02 + 03 + "4, ai + 02 + 203 + 04, 

«! + 2a2 + 2a3 + 04, ai + 2a2 + 3a3 + 04, ai + 2a2 + 3a3 + 204}, 

= ±{0, ai,a2,ai + 02, a2 + 2a3, ai + 02 + 2a3, ai + 2a2 + 2a3, 
a2 + 20:3 + 2a4, ai + a2 + 2q;3 + 204, ai + 2a2 + 2a3 + 20:4, 
ai + 2a2 + 4q;3 + 2a4, ai + 3q;2 + 4q;3 + 2q;4, 2ai + 3q;2 + 4q!3 + 2q;4}, 



(5.5) 



Oil 

02 

"3 

a4 
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and 



CD 



CD 

CD- 

CD;. 



)6jl0' 



0ai 

0ai+a2 = '^-^jejii' 

002+03 = 'C-^jl,j7' 



002+203 — CDi. 



^03 +04 



M024, 



001+02 +03 = 'C-^jijje' 
0O1+O2+2O3 = '^-^jSjjs' 

001+202+203 = 'C-^iejT' 
0O2+O3+O4 = '^-^jijis; 

0O2+2O3+O4 — *C-^)2,j25' 
0O2+2O3+2O4 = C-Dj4,jg, 
001+02+03+04 = CZ? 
0O1+O2+2O3+O4 = 
0O1+O2+2O3+2O4 — ^-^34010' 
0O1+2O2+2O3+O4 ~ '^-^j2j27' 
0oi+2o2+2o3+2o4 = CDj^j^-^, 
0O1+2O2+3O3+O4 = *C-^jl,jl3' 
0O1+2O2+3O3+2O4 = C-Dji j4, 
001+202+403+204 = C-^j4,j8' 
0O1+3O2+4O3+2O4 = CI-^j4,j7' 
02qi+3o2+4o3+2q4 = *CZ?j4jg, 



)1014' 



0- 
0- 

0- 

0- 
0- 
0- 
0- 

0- 

0- 
0- 
0- 

0- 

0- 
0- 



CD 
CD 
CD 

CD. 



js jlO' 



■oi 

■02 

Q3 
■04 

— CD- ■ 

01-02 ^-^3809 ' 



)2 1)20' 



■02—03 



02+203) — C-Djio,jii, 



03+04) 



CD, 



UJ19' 

CD; 



O1+O2+O3) — "^-^31 J2! 

01+02+203) = '^-^39,311' 

01+202+203) ~ *C-^)9,jlO' 

02+03+04) — ^31 ,318 5 
02+203+04) ~ ^-^32j22' 
02+203+204) = C-Dj5,j6, 

01+02+03+04) ~ '^-^jl,jl7! 
O1+O2+2O3+O4) — ^32, 323 ' 



01+02+203+204) 
01+202+203+04) - 

01+202+203+204) 



C^35,37, 
^^52,324 ! 

--CD^nAs, 



Qi+202+303+04) ~ ^-^3iji2' 

01+202+303+204) = *CDjjJg, 



01 +2o2 +4o3 +204 ) 



CD 



35,311' 

01+302 + 103+204) = '^-^jsjio' 
2oi+3q2+4o3+2o4) 



CD;,, 



The subspace V := 5o of trace zero elements of ^ is an irreducible 5-module 
whose highest weight is a short root, with the weight space decomposition, 
with respect to f), V = ®aeRsh^{0}Va, where Vq := C(ji -)2) ©C02 - js) and 



(5.6) 



V03 = Cjg 
V04 = Q21 
V02+03 = Cjr 
V03+04 = Q16 
^01+02+03 — Cjg 
^02+03+04 ~ 

V02 +203+04 — Cj25 
1^01+02+03+04 ~ Cji4 
1^01+02+203+04 = Cj26 

i+2o2 +203+04 Cj27 
V0J+202+303+04 = Cjl3 
Vqi+2o2+3o3+2o4 = Qi 



V-as = Cjii 
V_„4 = Cj20 



V_ 

v_ 
v_ 
v_ 
v_ 
v_ 
v_ 
v_ 

V. 



02+03) = Qio 
03+04) = Q19 

01+02+03) ~ 
02+03+04) 

02+203+04) = Q22 

01+02+03+04) 'CjlT 
01+02+203+04) — Q23 

01+202+203+04) = '^^24 

01+202+303+04) — Q12 



(01+202+303+204) — Qs- 

Now we state some information suitable for our presentation. We note that 
j4 is a maximal vector of weight ai + 2a2 + Sas + 20:4 and ^5 is a weight 
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vector of weight — (ai + 2a2 + 803 + 2ai). We also have 
(5.7) 

t{u,U) =0 for 6 <t <27 and 
j4*jg = j4*j7 = j4*jg = j4*j9 = 

j4*jll=0 j4*jl2 = -5j20 j4*jl3 = j4*jl4 = 



1: 

2^20 

J4*jl6 = j4*jl7 = ^j24 j4*jl8 = ^j25 U * 119 = 



j4*j22 = ^h3 j4*j23 = ^jl5 



)4 * )24 = -T-jie 



]4 * J21 — 'J j4 ^ 7:^:^ — J4 jiia — ^ 

j4*j26 = j4*j27 = 0. 

Consider the normahzed trace on ^ and take C = e^'^*/^. We have 

t(4Z)j,,j,,08) -4C2?j„j,„02i),4Dj,,h,08) -4C'^j„ho02i)) = 1, 



]4 * jlO = ' 
j4 * jl5 = ' 

]4 * ho = 

}4 * j25 = ' 



(5.8) 

and 
(5.9) 



1 ; 



■^hJsC-^hjiiOs)) - — is -Chj8(-^j2,j2o02i)) - i^;8 

■f^j2j2l(^h,ill08)) = T6j21 -Cj2,j2l(-^j2,j2o02l)) = ^j21- 

Now setting 



-4C', b' := 4, b'i 



If 



-1 



1 



16' 



a := -4C, a := 4, b : 
we have 

(5.10) (4'a'+6;(a)6 = -(a;(6'+6;(6)a and {a'ia' +b'ia)b' = -{a'ib' +b'lb)a' . 

5.3. The algebras Ap, J^p{< p < 3). We recall these algebras from |BGKN] 
and [AABGPj . Suppose that is a positive integer, for 1 < p < 3 with p <v, 
take ^0 to be j4rj^i and 



p-1 



' Ap—\Xp 



to be the algebra obtained from Ap-i using the Cayley-Dickson process with 

Xp = tp. 

The last one is called the Cayley torus (or Octonion torus). We mention 
that the Cayley torus is alternative but not associative, also the center and 
the nucleus of this algebra coincides with A^^y We know that Ap-i is a 
subalgebra of Ap for 1 < p < 3. Moreover these four algebras are algebras 
over A[^-^, in fact they are free Ajj^j-modules. Next note that for 1 < i < 8, 
there exist unique si, S2, S3 G {0, 1} such that i = 1 + si + 2s2 + 4s3. Take 
Wi := {x'l^X2^)xl^ . Then {wi | 1 < i < 2^} is an yl[j^]-basis for Ap, < p < 3. 
We consider the normalized trace 



(5.11) 



T . Arj 



2P 
i=l 



n 



on Ap, < p < 3 and define t and * to be as before. 

Next take j7o := A^^j, J\ to be the commutative associative algebra over 
A\y\ with generator x\ subject to the relation x\ = ti and J/2 to be the plus 
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algebra of the associative algebra over A^,^] generated by xi,X2 subject to the 

relations xf = ti, = ^2, 2:1X2 = e~X2Xi. Let J3 := J2®{J2-X3)®{J2-xl) 
be the Jordan algebra obtained from J2 using Tit's first Jordan algebra 
construction (jj Chapter IX] with x| = ^3. We mention that whenever we 
use J'p, 1 < p < 3, we assume p < v. 

One sees that for 1 < i < 27, there exist unique si, 52, -ss £ {0, 1, 2} such 
that i = l + si + 3s2 + 9s3. Take Wi := {x'l^ •X2^) -x^^. Then {wi | 1 < i < 3^} 
is an ^[^,]-basis for J'p, < p < 3. Define the following normalized trace on 
Jp,0<p<3: 

(5.12) T : Jp ^ A[^Y, J2nwi ^ n. 

i=l 

Note that the algebra products on Ap and J'p, the trace form on these 
algebras and the corresponding *-operators are ^[,^] -bilinear. Therefore each 
of these are uniquely determined by its table of multiplication on the cor- 
responding ^[,^]-basis. For the convenience of the reader, in what follows 
we accomplish the tables for ^3 and jTs and we note that the tables for 
Ai , A2 and Ji , ^2 are sub-tables of the ones for ^3 and ^3 respectively as 
AiQA2^ A3 and Ji C J2 ^ Js- 
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Wi 


W2 


W3 


W4, 


W5 


Wq 


W-j 


W8 


11) I 


1 


W2 


W3 




W5 


Wq 


W-j 


W8 


"'2 


"'2 


tl 


W4 


hws 


WQ 


tlW5 


-W8 


-hwr 


W3 


W3 


— W4 


t2 


-t2W2 


W-j 


W8 


hw^ 


t2WQ 


W4 


W4 


-hW3 


t2W2 


-tlt2 


W8 


tiW7 


-t2tVQ 


-tit2W5 


W5 


W5 


-Wq 


—Wj 


-W8 


ta 


-t3W2 


-t3W3 


-t3W4 


Wq 


Wq 


-tiW5 


-W8 


-tiW-T 


hW2 


-tltg 


t3W4 


htsws 


Wj 


Wj 


W8 


-t2W5 


t2W& 


hW3 


-^3^4 


-t2t3 


-t2t3W2 


W8 


W8 


tlW-i 


-t2WQ 


tit2W5 


t3W4 


-tit3W3 


t2t3W2 


tit2t3 



Table 2. the table of the trace form (for Ap) 



*(-,•) 


Wi 


W2 


W3 


W4 


W5 


Wq 


W7 


W8 


Wi 


1 























W2 





tl 




















W3 








t2 

















W4^ 











-tlt2 














Wb 














t3 











Wq 

















-tits 








W-J 




















-t2t3 





W8 























tit2t3 



Table 3. the table of the operator * (for Ap) 



* 


Wl 


W2 


W3 


W4 


W5 


Wq 




W8 


Wl 





W2 


W3 


W4 




Wq 


Wj 


W8 


W2 


W2 





W4 


tiW3 


Wq 




-Wg 


-tiW7 


W3 


W3 


—W4 





-t2W2 


wr 


W8 


t2'W5 


t2WQ 


W4 


W4 


-tlW3 


^2^y2 





W8 


hwj 


-t2WQ 


-tlt2W5 


W5 


W5 


-Wq 


—Wj 


-W8 





-t3W2 


-tsws 


-t3W4 


Wq 


Wq 


-tiW5 


-W8 


-tiW7 


t3W2 





t3Wi 


tit3W3 


Wj 


Wj 


W8 






t3W3 


-t3Wi 





-t2f3W2 


'"'8 


"'8 


I1W7 


-/2"'(, 


/i/2"'r, 


l3'''L 




'2/ 3 "•'2 






Setting 
&2,2 := 1 



b% = hl 



^2 
bl- 
bf 



= 1 



bl 

-bio 



"2 — "12 
O2 — t>i4 



blQ 

bl8 
bio 



bf 

bf 

620 



22 



tl(l+e"/3_^e27ri/3^g7ri) 

, 4 
(l+efW3)2 

2(l+e4W3) 

- zh. 

~ 2 

_ _e'^'/3(l+e'"^/3) 

— 2(l+e2'rV3) 
_g27ri/3 



2 

-1 



61 = 


-bl := 


bl- 


-bl := 


bl- 


= 6? := 


6^ 


-bl := 


bf 


= bl,: 


bf 


= bl3: 


bf 


= bh: 


bf 


= bh-- 


bf 


= bl,: 


bf 


= bl,: 






bf 


= bh: 



h 

(l_^e^»/3)2 
2(i+e2'r'/3) 

1 

4 

_ ^ 

~ 2 

_g7r</3 

~ 4 

_g27ri/3(']^_|_g27ri/3') 

— 2(l+e4'^»/3) 



-tl 
2 

_(^_)_g7ri/3) 
2(l+g2xi/3) 
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hf 
hf 



hi. 

hi, 
hi := h 

bl = bl 

bl = Wj 

hl = hl 

hf = hi, 

hf = 6f 3 

hf = hi, 

b¥ = hh 
hf = hi, 
hf 



h' 



21 



hf = hh 
hf = hh 
hf = hi, 



_ -ti(l+e^"/^) 
~ 4 

_ -(l+e^'^'/S) 

- 2(l+e4Ti/3) 

(I^e7ri/3^g7ri/3^g7ri)^^ 
4 



(e4^i/3)2^^ 
2(i+e2''i/3) 

~ti 

~ 2 

_ -1 



hi 



hi 



hl = h\ 
h\ = h% 
hl' = bi 

bf 



— (i+e2'ri/3) 

^ -ti(l+e2W3) 

2(1+6'"''' 
_ -(i+e2W3)ti 

~ 4 
= 1 

— ^ 

~ 2 

_ _e2'"V3(^_)_g7ri/3)^^ 

~ 4 

_g47ri/3 

— l_|_e47ri/3 

_ _e4^i/3(^_)_e4,ri/3)^^ 

~ 2(l+e2W3) 

(l+e'"'/3)2 

2(l+e27r«/3) 



= t2 



(l+e2'ri/3_^g47ri/3^e2,ri)^^ 

4 



11 

&f3 



hf = hi, 

hf = hi, 

hf = hi. 



hf 
hf 

hf 
hf 



hii 
bis 

bi, 
b\. 



l+e'"'/3 
-1 
2 

_e2W3(i+e2'"'/3) 

2(l_|_e4^ri/3) 

-e'"'/3(l+e2W3)f^ , 
4 

1 

-1 



hi = hi :-- 
hi = hi := 
bf = bio 



bf 
hf 



b\2 
hi. 



bf = bl, 
bf = bis 



l_|_e27ri/3 

_ -(l+e'"'/3) 

- 2(l+e2W3) 

2 

_ -(l+e4^'/3)^^ 
4 

fl(l+e'"'/'^)2(e'"'/3^e7r») 
8 

f2(l + e'"'/3)2(g7r»/3_)_g7r») 

8 

_ ^ 
2 

_ -tie2'"'/3(l+e'"'/3) 

~ 4 

_ -e'"V^(l+e'"'/3)2 

— 4(l+e4'rV3) 

^ -t2(l+e'"'/^) 
4 

_ -tlfae2W3(i^_)_g7ri/3)(j^_)_g47r»/3) 



bl = bl 
bl = bl 



u2 ._ 

"25 •- 

1.2 ._ 

"27 •" 



-1 



]^_|_g27ri/3 

-ti(l+e-^"/3) 
4 



"3 



^1 



= &f 

hf = hh 
hf = hi, 

hf = hi, 

hf = his 

u20 _u3 _ ^ 
"3 — "20 — 2 
l22 
"3 

"3 



(l+e2WS)2ti 

2(l+e'"^/3) 
(14-e2'"'/3^e4,ri/3^e2,r»)^^ 

4 

_ ^ 

2 

- I±. 

~ 2 

_ -ti(l+e"/3) 
~ 4 
-1 



l_|_g47ri/3 

-ti(l+e"''"'/3) 

2(l+e27ri/3) 



hh 
hi. 



hf = bl, 
bi:=l 



27ri/3 
]^_j_g27ri/3 

_ -e2'"'/3(l+e2^'/3)^^ 

— 2(T+e2W3) 
_ _e4^i/3(i_)_g27ri/3)t^ 



, 6 _ 1,4 _ (l+e2W3-|-e2Ti/3j2 

O4 - Oq :- 2(l+e4-V3) 

58 ^ ^4 _ (l+e'"'/3^g2,ri/3^g,ri)^^ 



= bio 



hf 

hf 



hi 



12 



b^ 



14 

hf = hi, 

hf = his 
bf = bio 

1^22 
O4 



bi2 
hi, 
hie 



_ _e2iri/3 

= l+g27ri/3 

_ -eW3(l_|_eVri/3-) 

— 2(l+e2'rV3) 

— 11*2 

2 

_ -e2^V3(i^g4xi/3)^^ 

~ , 4 



) 



l_|_g7ri/3 
~2~ 

-(l+e2'"'/3) 
2(l+e47>i/3) 
-(l+e2^'/3-)^^ 



6f 

,5 e7r»/3(]^_)_g7r»/3-)2 

"5 2(l+e4'"'/3) 

7 _ ,5 ._ (l + eW3+e2vrV3_^gVri) 

"5 — "7 ■— 4 

,9 _ ,5 ._ fif2e2"'/3(l+e"'/3)(l+e^"/3 

— °9 •— 4 
^11 _ 55 ._ -e^'/^Cl+e'"'/^) 



11 

ft^-^ = bis 

hf = hi, 
bf = hi, 
hf = bl. 



2(l+g2^i/3) 
_ -(l+e'"'/3-) 
— 2(l+e2Ti/3) 

_ -tie2'"'/3(l+e'"'/3-)(]^_)_g27ri/3) 

~ 8 

_ -fae'"^/3(l+e'"'/3)(l+e2'"'/3) 
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'r43(l+eVri/3)(e27ri/3)^^ 



— t2e 



-t2e^'^^/3(l+e^"/3) 



-e4^'/3(l+e4'^'/3)ti 

2(l+e2W3) 
-tit2e^'^*/3(l+e'^'/3)(l+e^W3)) 

2(l+e2''V3)) 
_e4W3(i+e4'^'/3)^ilt2 

4(l+e"'/3) 
-ti(l+e4'^'/3) 
4 

_t^e^7ri/3(i^e4xi/3) 

4 

-e^'^^/3(l+e^'^'/3)(l+e^'^'/3)tit2) 



_e47ri/3(i^e2xi/3)(i^e4,ri/3)t^t^ 



is 

is 
ts 
ts 



is 

(l+e"'-'/3)^t3t 
2(l+e4'rV3) 

h 

-(l+e'"'/3) 
2(l+e2'ri/3) 



]^_|_g27ri/3 

-ti(l+e^"/3) 
4 

is 

flf3(l+e^'^'/3)2 
2(l+e'rV3) 

4 

-1 

A 

2 



1,22 _ 

6r = 
6^= 

fe^^ = 
?'^^ = 

615 = 
^'^^ = 

bl' = 
bf = 
hf = 
hf = 

hf = 
- 

h\L = 

h'^ = 
hll = 
h'^ = 
h'^ = 
bll = 

- 

"11 - 
b\i = 

b\t = 
b\l = 

bl1 = 

1,22 _ 
"ll - 

bit = 

1,12 ._ 
'^12 •- 

bli = 
bll = 

bll = 

bll = 



^22 



-t2e'^'/3(l+e^'^'/3) 
-e'^'/3(l+e^^'/3)^tit2 



_e2^i/3(i^e2xi/3)t^ 
4 

g4,ri/3(i_^e4W3)2t^t^ 

2(l+e'^»/3) 

_^^e27ri/3(i^g4xi/3) 

4 , 

-t2(l+e^'^'/^)) 
4 

-tit2e-^^'^/3(l+e^'^'/3)(l+e4'^'/3)) 



&?1 

^'?s 

bl, 
b\, 
bl, 
bl, 

bl, 
bl, 

bl, 
5}? 
b'^ 
bt 
b'S 
b'^ 
bl^ 
bli 
bit 
b'S 

"12 
0l4 

"16 

"18 

"20 
"22 

"24 

"26 

= tits 

"18 

"20 
"22 



_ -e^'^^/3(l+e2'^'/3)(l+e4'^'/3)tit2 



1 

(l_)_e4^V3)^^ 
2(l+e2'rV3) 

-e^'^^/3(l+e'^'/3)(l+e^'^'/3)tit2) 
8 

-fae^'^^/3(^_^e4,ri/3) 

2(l+e2'r</3) 

_e47ri/3(i^e4xi/3)2^^^^ 
4(1+6^3) 

ts 
is 
is 
is 

1 



^ -tlt3 

^ t3(l+e"'/3)2 

2(l+e27ri/3) 

= is 

_ (l+e^'^'/3+e^'^'/3_)_g2,ri)^^^^ 



-1 



(l+e'^»/3) 
-ti(l+e^'^'/3) 
4 

_(^_^g2,r»/3) 
2(1+64^^/3) 



fif3(l+e"/^+e^'"'/^+e'"') 
4 

is 

(l+e4W3)2t^t3 

2(l+e2vri/3) 

ii 

-1 

(l+e2W3) 
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Ll8 ._ *ifa*3e^"'/^(l+e4"'/^) 



2(l+e'r»/3 



J.20 _ Ll8 ._ -tie^'^'/3(l+e4"'/3) 
"18 — "20 ■— 4 



^18 = ^24 

z,26 _ 7,18 
"18 — f^2fi 



'26 



"19 ~ "23 ''3 
^19 ~ bi,^t^ 



^19 ~ ^27 



'27 



J,21 _ l20 
"20 — "21 

^in = ^23 



bVn = ^27 



"20 

1^22 
^^21 

°21 
"21 



'27 

■ "22 

■ "24 

"26 



= t 



-1 



-tit. 



_ t"^ (1+6^3)2 



= i 



2(l+e- 
-1 



_ tit^^(l+e^'^'/3+e^'^^/3+e^'^') 
~ 4 

= *3-^ 

_ -fif3^(l+e^"/3)2 

— 2(l+e'ri/3) 

_ titJ^(l+e^^'/3+e't^'^/3+e^^') 
~ 4 



1,22 ._ .-1 



22 *3 



6i 

,23 _ t^^e'"'/3(x+e^'/3) 2 
'^23 • — 



24 "'2{l+e4'ri/3) 

t2t3 ^ (l+e'^^/^+e^'^'/^+e'^^) 
4 



?)22 • 
"26 • 



1,25 _ i,23 
"23 ~ "■'"i 



2(l+e4W3) 



25 



— ^27 



"23 



?)24 
"25 

L24 
"27 



!,26 _ 7,25 
"25 ~ "■?« 



'26 



feta ^(l+e'"'/3+e^'^'/3+e'"') 



-tit2tQ e 



fetg ^(l + e^'^'/3^e4,ri/3^g2,ri-) 
4 

-tit2tj (e'^'/3+e'^»)2(l+e'*'"»/3) 

g 

f.;,f.-l(l+e2W3)2 



2(l+e'^V3) 
,26 _ t2t3^e2'^'/3(l+e^'^'/3) 
"26 2 



tit2t3^e4'^'/3(l+e-*'^'/^)^ 
2(l+e'"»/3) 



6}i 



18 



_ -t2(l+e'*'"'/^) 
~ 4 

_ -tit2e4'^'/3(l+e^'^'/3)(l+e4'^'/3) 
~ 8 

_ -tit2e^'^'/3(l+e2'^'/3)(i^e4,ri/3) 27 

— Q 

&i 

51} 

6il 
6i 

hf, 
hit 

7,26 
"23 



"25 



bf, 

b'i 
bf, 

b'S 

bfo 

bf. 
bf. 
bf, 
--t3 
6i 

bf, 

bf. 



= t 

= t 



-tie^'^'/3(l+e^'^'/3) 

2(l_|_e27ri/3) 

-tit2e^'"'/^(l+e"/3)(l+e4'^'/^) 
, 8 

2(l+e2'ri/3) 

_e4,ri/3(^_^e4,ri/3)2^^^^ 

4(l+e'''/3) 

-1 



3 

-1 



titg ^(l+eW3+eW3+e^i) 



tit, ^ 



f3^(l+e2'^'/3)2 
2(l+e47ri/3) 



titr ^(l+eW3+e2W3+e''*) 



t 



3 

tlt-l(l+e4W3)2 



2(l_^,.2^i/3) 
3_ VJ- I ' ')'^ 



521 
"23 

521 
"25 

"27 

522 
"23 

l22 
"25 

fell 

1,23 
"26 



2(i+e2'^V3) 
*2*3 ^ 



^2*3 ^ (l+e^'''/-^+e'*'"'/3+e^'^') 
4 

iii3 ^(l+e2"V3)2(gW3+eTi) 
8 

^2*3 ^(l+e'"'/^)^(e'"^/3+e'"^) 
~8 

i/3) 



i,24 ._ 
"26 •- 



-tlt2tJ^e'^'/3(]^_)_e27r»/3-)2(;^_)_g,r») 

16 



6i := t2tri 



,25 ._ t2t-\l+e^-^rsf 

"27 •- 2(l+e2-V3) 

,26 _ tit2t3^(e'^'/He'^')^(l+e-^'^'/3) 

"27 8 
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Wl 


W2 


W3 


W4 


W5 


We 


W7 


W8 


Wg 


Wl 


b\ 


blW2 




7 4 

0JW4 


blw5 


bfwe 


7 7 

0{W7 


bfwg 


1 Q 

blWg 


W2 


b\w2 


biw3 




7 4 

b^W5 


7 


7 fi 


7 7 

&^W8 


7 R 

&|W9 


7 Q 

blW7 


W3 


7 1 


T 9 

bl 


7 ^ 


7 d. 


7 

&gW4 


7 


7 7 

&^W9 


7 fi 

blw7 


7 Q 

&|W8 


W4 


b\wi 


7 9 

O4W5 




7 A 

b%W7 


7 

b^ws 


7 a 

b^Wg 


7 7 


7 R 

6|W2 


7 Q 

blW3 


W5 


b\wz 


65W6 




1 4 

65 W8 


b^wg 


blwr 


65 W2 


blw3 


bl 


We 


blwe 


66^4 


blw^ 


7 A 

blwg 


blwT 


b^ws 


beW3 


bl 


blw2 




b^wr 




J 

O7W9 


b^ 


b^W2 


T ft 

6?W3 




7 S 

O7W5 


7 Q 

07W6 


W8 


b^wg 


7 9 


7 ^ 

6gu;7 


7 d 

blW2 


7 

?>8W'3 


7 

&8 


7 7 

bgWs 


7 R 


7 Q 

b|u;4 


Wg 


7 1 

bgWg 


T 9 


7 ^ 


7 d 


7 K 

bl 


7 

OciW2 


7 7 

09W6 


7 R 

O9W4 


7 Q 

O9W5 


Wio 


7 1 

OloWlO 


7 9 

bwW2 


7 Q 


7 4 

O10W4 


blo^b 


1 fi 


7 7 


7 C 


7 Q 

bloWg 


Wii 


7 -| 

biiWii 


7 9 

6nW2 


biiW3 


7 A 

biiW4 


7 C 


7 C 

Oil We 


7 7 


7 Q 


7 q 


Wi2 


b\2Wl2 


&12W'2 


bi2W3 


bi2W4 


612 W'S 




6l2W'7 


&12W'8 


bi2Wg 


wia 


7 1 

b{^Wi3 


7 9 

bi3W2 


7 ^ 


7 d 

bi3W4 


7 


7 

biswe 


7 7 

6{3u;7 


7 R 

O13W8 


7 Q 

013W9 




7 1 

bl^wu 


7 9 

bi4W2 


7 ^ 

0l4W'3 


7 d. 

0l4«^4 


7 

014W5 


7 

bl4W6 


7 7 

0l4W'7 


7 R 

014^8 


7 Q 

014W9 




7 1 

bi5Wi5 


7 9 

bfr,W2 


bl5W3 


7 A 

O15W4 


7 C 

015^^5 


1 f\ 


bl^tt'r 


b^u'ti 




WW 




bl(iW2 


bl6W3 


6fg'n;4 


&I6W5 




blewr 


fefgUJs 


biewg 


Wi7 


bl^wn 


b\7W2 


birws 


7 A 

OJ7W4 


617W5 


&17W6 


7 7 

bi7W7 


&17W8 


bi7Wg 


Wis 


blsWis 


7 9 


, q 

^'18"'3 


7 il 

0i8W'4 


bisW5 




7 7 

0l8W'7 


&18W'8 


b%Wg 


Wig 


7 1 

bigWlQ 


7 9 

6f9«;2 


7 q 


7 4 

0i9«^4 


7 

O19W5 


7 

0l9«^6 


7 7 

6{9u;7 


7 R 

O19W8 


7 Q 

blgWg 


W2a 


7 1 

020"'20 


7 9 

020«'2 


7 q 

b^QW3 


7 d. 

b^0W4 


7 ^ 

b20W5 


7 

020«'6 


7 7 

6^0 W'7 


7 R 

020W'8 


7 Q 

b^oW'9 


W21 


621W2I 






b2iW4 


621 


&2l'"'6 


bllW7 


621 W8 


621 W9 


W22 


b^2'W22 


6^2 W^2 




bi2W4 


6|2W'5 


&22W'6 


bl2W7 


bl2Ws 


6I2W9 


W23 


bl3W23 


613^2 




bt3W4 


6^3 


^23^6 


bl^W7 


bl^ws 


6^3 W9 


W2A 




bl4W2 


bl4W3 


b24W4 


b^4W5 




bl4W7 


b24W8 


b24W9 


W25 


&25W'25 


bl^W2 


blhWs 


bi^W4 


bl^W5 




blswr 


bl^ws 


b%Wg 


W27 


bheW26 


blQW2 


blQW3 


biQW4 


b^QWs 




blQW7 


bleWg 


b^QWg 


W27 


bl^W27 


b27W2 


%7W3 


627^4 


bl^W5 




bl^W7 


bl^ws 


bl^Wg 
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Table 5. the table of the products (for 5p) 





Wio 


Wii 


W12 


Wi3 


7«14 


Wi5 


wie 


Wi7 


Wis 




— rm 

bi^ 


— m 

bi'w2 


, •\'\ 

b{'w2 


— T 1 '-! 

b^w^ 


— , 1 A 


— J 1 


— ttt: 

bi'hve 


— , 1 7 

b{'wj 


— , 1 u 


W2 


bfw2 


bVw3 


bf 


bfw5 


b\^we 


62^ W4 


bl^ws 


b"wg 


6^»W7 


W3 


bfw3 




bfw2 


bfwe 


7 1 A 

0^ Wi 


bl^W5 


bl'^Wg 


I 1 7 




W4 


bf 


7 1 1 


I 1 

bfw^ 


bi^we 




64 U'S 


bl^Wg 


64 W2 


lift 

bl^W3 


W5 


bfw^ 


ill 

bl^W5 


I 1 

bfwe 


I 1 Q 

bfwi 


I 1 /I 

bfwi 


lie; 


lift 

bfw7 


T 1 7 


I 1 S3 


We 


I 1 n 

bfw2 


7 1 1 

be We 


■I 1 

b^Wi 


be^wn 


7 1 4 

be W9 


bl^W7 


lift 


T 1 7 


lift 

Lie 
^6 




Tin 




T 1 9 

67 W8 


67 W9 


7 1 A 

bf 


67 W2 


7 1 

&7 


1 1 7 

6i.^?i;4 


1 1 s 

^7^5 


ws 


I 1 n 

bfwi 


bs W8 


,19 

b^wg 


I 1 

bs^W7 


bfw2 


7 1 

&8 fi'3 


7 1 fi 


,17 

bs W5 


7 1 fi 

bl^we 


Wg 


I 1 n 


7 1 1 

bgWg 


7 1 9 

bl^W7 


7 1 ^ 

bgWs, 


7 1 /I 

&9 W3 


7 1 


7 1 R 

69^W2 


7 1 7 

09 We 


7 1 ft 

69 w;4 


WW 


1 1 n 

b^^Wg 


7 1 1 

bigWlo 


7 1 9 

b\gW2 


b\tw3 


7 1 4 


7 1"^ 

bllw5 


7 1 

bltwe 


7 1 7 

6i>7 


7 1 R 


Wii 


I 1 n 

b\\wg 


7 1 1 

b{{wii 


7 1 9 

b\{w2 


7 1 Q 

b\iw3 


bi^Wi 


bilw5 


7 1 ft 


7 1 7 

O11W7 


7 1 ft 

blfws 


Wl2 


7 1 n 

b\lwg 


7 1 1 

bi2Wi2 


7 1 9 

b\i,W2 


7 1 ^ 


7 1 4 

O12W4 


7 1"^ 


7 1 R 


7 1 7 

O12W7 


7 1 J4 


W13. 


7 1 n 

b\lwg 


7 1 1 

biswis 


7 1 9 

b{iw2 


J 1 '^ 


, 1 4. 

0l|W4 


7 1'^ 

bilw5 


7 1 fi 

bltwe 


,17 

Ol3W^7 


7 1 fi 

bllws 


Wl4 


bYlwg 


bllwu 


b\lw2 


^'}>3 


7 14- 

oi4w;4 


b\lw5 


bltwe 


,17 

6i4w7 


b\lws 


Wl5 


bYiwg 


bilwi5 


7 1 9 

b\iw2 


&15«'3 


7 1 4 


bilw5 


bltwe 


7 1 7 

6|>7 


bllws 


wie 


I 1 n 

bllwg 


7 1 1 

biewie 


7 1 9 

b\iW2 


7 1 Q 


7 1 4. 

016^4 


b\lw5 


7 1 

bltwe 


7 1 7 

6i>7 


7 1 ft 

bllws 


WlJ 


I 1 n 

b\^Wg 


7 1 1 

b{i^Wl7 


7 1 9 

^17^2 


7 1 Q 

&17«'3 


7 1 4. 

O47W4 


b\^W5 


7 1 


7 1 7 

O17W7 


7 1 ft 


Wis 


I 1 n 

b\lwg 


,11 

bi^wis 


,19 

bliw2 


, 1 Q 

biiw3 


7 14- 

bitwi 


, 1 c 

b{pV5 


7 1 fi 


7 1 7 

b{^W7 


7 1 fi 


Wig 


J 1 n 


,11 

bigWig 


J 1 9 

b\^W2 


J 1 

6}§W3 


7 1 4- 

6igw;4 


bigW5 


7 1 fi 

bltwe 


1 1 7 

bigWj 


7 1 fi 

bllws 


W2Q 


.in 

020^^9 


,11 

O20W2O 


,19 

b2gW2 


I 1 


7 1 4 

020W'4 


, 1 c 

020W5 


7 1 R 


,17 

blgW7 


, 1 g 

020^^8 


W21 


bl\wg 


bl\w2i 


bllw2 


b^^W3 


6^fu;4 


bllWB 




bllw7 




W22 


bllwg 


bllw22 


bllw2 


b^^W3 


bliwA 


bllwB 


b^^we 


bllw7 


bllws 


W23 


b\lwg 


bllw23 


bllw2 


b^^W3 


b^jwA 


b23W5 


bl^we 


bllw7 


bllws 


W24 


bllwg 


b\\w2i 


b\\w2 


bllwz 


624W4 


bllw5 


b^lwe 


bllw7 


bliws 


W25 


bh'iw9 


b\lw2b 


b\lw2 


b\lw3 


bljw4 


bll,W5 


bltwe 


b\lw7 


bllws 


W27 


bltwg 


bl\w2e 


b\lw2 


bllw3 


bltw4 


bleW5 


blewe 


bllw7 


bllws 


W27 


blrWg 


bl\w27 


b\jW2 


bljWi 


bljW4, 


blrW5 


blrWe 


blrW7 


bl^ws 
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Table 6. the table of the products (for 5p) 





Wl9 


W20 


W21 


W22 


W23 


W24 


W25 


^126 


U>27 




— 7 1 

Ol Wl9 




6f W21 


61 W22 


6f W23 


6f W24 


, i)C 

&i^W25 


, nu 

bfw2Q 


bi'w27 


W2 




bfw2i 




bfw23 


bf^W24 


&i'^W22 


6f U'26 


bfw27 


bfw25 


W3 


bl^W21 


bfwig 


6^1^20 


bl^'W24, 


bl^W22 


bfw23 


63^^27 


bfw25 


1 01 

bi'W26 


W4 


64^^22 


■t on 

bfw23 


7 01 

bfW24 


7 00 

brW25 


7 0*^ 

^4 W26 


7 OA 

bfw27 


7 OK 

bfwiQ 


7 Oa 

bfw20 


7 07 

^4 w;2i 


W5 


bl^W23 


bfw2A 


bfw22 


bfw26 


bfw27 


bfw25 


bfw20 


bfw2i 


6f Wig 


We 


&6^W24 


1 on 

bfw22 


, 01 

&6 W23 


7 00 

bi^W27 


7 9*^ 


T OA 

bfw26 


7 oc; 

bfw2i 


7 Oft 

bfwig 


7 97 

bf'W20 


Wj 


7 1 Q 

brW2r-, 


bfw2& 


T 21 

67 W27 


T 22 

O7 Wl9 


7 0"^ 

bfw20 


1 9/1 

bfw21 


bfw22 


6f'W23 


7 97 

bfw24 


Ws 


bfw2Q 


bfw27 




&i^W20 


bfw2i 


bj'^Wig 


bfw23 


626^24 


bfw22 


Wg 


69^^27 


bfw25 


bg^'W26 


bl^W21 


bfwiQ 


bl'^W20 


bl^W24 


bl^W22 


7 97 

&9 W23 


WlQ 


I 1 Q 

"10 


■t on 

bl^W2 


7 01 

bfows 


7 00 

6f>4 


7 0"^ 

bioW5 


7 0/1 

bitwe 


7 Oc; 


7 OA 


7 97 

6f>9 


Wii 


7 1 Q 

b{lW2 


7 on 

bflws 


7 01 

''11 


7 00 

biiw5 


7 0"^ 


7 0/1 

6ll«^4 


7 OK 

bllws 


7 Oft 


7 97 

6f(u;7 


Wl2 


7 1 Q 

bilwz 


^12 


&12W2 


J 99 


J 9^ 

&12W4 


7 OA 


J 9^ 


7 9fi 


J 97 


W13. 


7 1 Q 

6{§W4 


I on 


7 91 


7 00 


7 0*? 

biiws 


7 04 

6f^W9 


bll 


I Ofi 

&iw2 


7 07 

&T3W^3 


Wi4 


&14W5 




bllw4 


bllws 


bflwg 


bliw7 


bllw2 




I 07 

bll 


Wl5 


b\lwQ 




bilwa 


bil^s 


bllw7 


bliws 


bilws 


bit 


bilw2 


wie 


b\lw7 


I on 

bi^ws 


7 01 


7 00 


7 0*^ 

bfim 


7 0/1 

ftiew's 


7 OK 

bflwA 


7 Oft 


7 07 

bflwe 


WlJ 


b\^ws 


■t on 


7 01 

^17^7 


7 00 

bi^W2 


7 0*^ 

fel7W3 


7 0/1 


7 oc; 


7 Oft 

bj^we 


7 07 

bljWi 


Wis 


7 1 Q 

bilwQ 


J on 

bfswr 


7 91 

biswa 


I 00 


7 9*? 


1 04 

bitw2 


,9 c: 


1 OR 

fo?>4 


7 07 


Wi9 


7 1 Q 


7 on 

bl^wii 


1 91 

019^12 


7 00 


7 9*? 

6i9Wl4 


1 94 


7 9'^ 


7 9fi 

&igW^17 


7 97 

OigM^lS 


W2a 


b\lwii 


bloWl2 




&iwi4 


bjowib 


^ioWl3 


bloWl7 




7 97 

020^^16 


W21 


b\\wx2 


bliwio 






bllwi3 


6^fw;i4 


bllwis 




6ilw;i7 


W22 


b\lwiz 


bl^wu 






bllwn 




bllwio 


bltwii 


6^^u;i2 


W23 


b\lwu 


blawu 


b^lwis 


bllwn 


bllms 




bllwu 


&23W12 


bfsww 


W24 


bllwi^ 


bfiWis 


bllwu 


bllwis 


bllwie 




bllw 12 




bllww 


W25 


b\lwie 




bllwis 




bllwii 


bltwi2 


bllwi3 


fe||w7l4 


bUwi5 


W26 


bllwn 






6iwii 


blewi2 


bltwiQ 


bllwu 




bfewu 


W27 


blrWis 




bl\wn 


6Pw;i2 


blrWio 


bljWii 




bl^Wi3 


bljWu 
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